The Bright Side of Mathematics

The following pages cover the whole Fourier Transform course of the
Bright Side of Mathematics. Please note that the creator lives from
generous supporters and would be very happy about a donation. See
more here: https://thsom.de/support

Have fun learning mathematics!


https://thebrightsideofmathematics.com/support
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0

Idea of Fourier series:

The function is 2—periodic: §(x+2) = j(x) for all xe R

WAV

0 L

F (RR) =5 R—=>R | §eom) = J() foral xeRT

L~> real vector space

Example: « constant function {(x) = &

.

N
7

YV

b 2

X > sin( x)

N
/f%f > X > sin(1x)
L (a0

Proposition: |\ & J (RI fR) given by odd functions
2r-per
Y-p e//
I X > sin(x), x> sin2x), X > sin(@x) ,...,
XHF> 1, XF> cos(x), XF>cos(lx), X > cos(3x) ,..

K even functions

is linearly independent,

Definition: A linear combination JCG Span(W) ., JC: R— ﬁ{, is called

(real) trigonometric polynomial:

f(x) = a5 + Zak-oos(k-x) + z&k-sin(k-x) , 4, be R
k=1 k=1

For f (RI([;>, we have a (complex) trigonometric polynomial:

ZW-pev

((x) = > crexplikx) , el
k=-n
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In f (lek), we have (real) trigonometric polynomials:
2w-pey
n h
£(x) = a, + Zak-cos(k-x) + z&k-sin(k-x) . 6, be R
k=1 k=1
Subspace: Ti_p s = Span(x > 1, X > cos(x), X > cos(lx), X F> cos(3x) ..,
X > sin(x), x> sin@x), x> sin(3x) .. >
N
\/
Y
basis!
Definition:  For },36 /li , we define an inner product:
-per
w
{Ei 9> = 2 00,900 &
=W
Exampl d
Xa e.
ne <x|e1,x|%1>:z1_ﬁf44x:1
=W w
<x > cos(x) , x > sin(x) > = ;chos(x)sin(x) dx

1

ar (Lenof [ ) = 0

e

cos(k-x) sin(mx) dx = ()
W

odd function

< xF>oostkx) , x> sintmn) > = 21—~f

T Y
<x 1, X I%oos(k-x)> = ;TJ;COS(MMX = 21—17 %siW(k-X)‘?f 4
<XI% 1, XI%sim(m-x)> =
g
< x +>cos(kx) , x I%oos(m-x)> = ;chos(k'X) cos(mx) Ax

§~
]

2 A A Aa IR
/ v\/ | \/v | \ Use: cos(x) = +(e™ + @ji"‘)

W

i . c
Then: fcos(k-x) cos(mx) dx = %f(é(k+yh)x+ éL(k+m)x

-
I

A <ii(k—m)x .\ é’—’i(k—m)x dx

17(.1 &l(k+m)x . 1 éi_(kwn)x / i(k—m)x+ y éi_(k-m)x>

+ ()
-t (k+m) i (k-m) =i (k=m)

\ -

T
= 17( kjm sin((ksm)yx) 4+ si\n((k‘”‘)‘x)>

Use: sin(x) = %(d‘x_ e:Lx

+Mm

&
o k # m

And similarly: jsiw(k-x) sin(m-x) (AX = (

~
=h

Result:

ZB = (x > 1, X > cos(x),; X F> cos(lx), X > cos(3x) ..,

X > sin(x), x> sin@x), X > sin(3x) , ... >

satisfies <J(’J> = 0 j:#j ' \‘F/jec?

~> 3 orthogonal basis (0B)

~—> make to orthonormal basis (ONB)
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We already know: we have an orthogonal basis (0B)

‘B = (x > 1, X > cos(x), X > cos(lx), X —> cos(3x) ..,

X > sin(x), x> sin@x), x> sin(3x) .. >
P

2v-per

w
with inner product <§,j>1 = ;—lTJJ((x)J(x) Ax

-
Normalize: <x > sim(kx)l X —> sim(kx)> = 21—Nf(sim(kx)>L Ax ﬁ\ >
1 no~_

for

~
] -

x i
f(sm(kx))L dx = fsm(kx) sin(kx) dx = sin(kx) (-1) cos(kx)

o T w V‘J '
lA\: k cos(kx) . kaOS(kX)(
-

infegration by parts:
iy [
— f(oos(b()) Ax
-

— z
w 1 - (sin(kx)>

:> Z-f(sim(kX))LJlx = f’l dx = 27

~
-n

-1k)oos(kx) Ax

V = -%‘ cos(kx)

—h-
"

<x —> sin(kx), X —> sin(kx)? — 17 ~> length = 1F

Hence: X > {2 sin(kx) has norm

Proposition: (1) :B = (x > 1, X > {Tcos(x), X F>{Tcos(1x), X F> {1 cos(3x) ...,

X > [T sin(x), x > {Tsin@x), x > Tsin@x) . )

w
is an ONB w,r,f, the inner product: <§,j>1 = ;_.wf}(x)d(x) dx

~

(2)
1 1 {
L(B = (X H\Jﬁ ;) X > ﬁ-.cos(x) ;X I%l%_,oos(Zx); X I%ﬁ_loos(fi’x) [ oe,
X —> \l%'SM(X)' X —> J%'SM(ZX)/ xlel%_.sin(iéx),... >
v

is an ONB w,.r.1. the inner product: <3C,j> D= f}(x)d(x) Ax

=h

(3) 3 I _— (x), X FH> cos(2x), X —> cos(3x)
— T X cos(x) , X) 1 4005

X > sin(x), x> sin(2x), X > sin(3x) , .. >
w
is an ONB w,r.t. the inner product: <§,j>3 = ,1_\, f}(x)J(x) Ax

=h

For frigonometric polynomials:

n

£(x) :6\’01@+ Zak-cos(k-x) i Zkk-sin(k-x) . a4, be R
k=1

N

Fourier coefficients w.r.T., ONB in (3)

Oy = <xr—>oos(k-x) | }2 , '50:<Xl%1ﬁ,f>
3
b, = <XI—> sin(k-x) }?

trigonometric polynomials

Approximation of periodic functions? with basis:
; B=(h. by, hy)
9 ¢ fR —> R
5 —periodic +“im”eqrab\e" ,s ONB!

/

N
orthogonal projection = Z L‘h<hk/j>
k=1
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2w -per

I

P (R,C) :

Lr-per

i
X > sin(x),

(L e
> inner pvoduoT <§,j> = %/ f}(x)J(x) dx

Let's take integrable functions:

B (Re) ={FeF () | SIstol de < o0
N

& | i £ integrable with respect to
complex veclor space Lebesgue measure on [-7,7]

norm? r -
||JC||1 '-:_il}(xﬂ Ax problem: | T

(.,> nof a norm on I1 (Rld:)

Lw-per

_1
Q

]L._I
\4

solufion: equivalence relation JC“‘j = ||§_J ”1 =0

set of all equivalence classes: ’—12« (R,@) = IZWW(]'R,(E)/N

w-per

\

complex vector space

IS0, 5= 115,
(\7;> norm!

dentify: Uzw_pey(m,a:) > P (R,€)

Let's take square—integrable functions:

I’L (R/£> :{Jce.\}z;-?ey(m,£> ‘ _ilic(X)PAx < oo}

Lw-pey

norm?

151, = 15l d

solution: equivalence relation ,gwj <=> ||§_J ||Z =0

set of all equivalence classes: I_'LZ (R,€):= I;_pey(m,d:>/,\,

T-per

Span (x 1917 , X > cos(x) ; X > cos(2x) ; X > cos(3x) ..,

X > sin(x), x> sin(@x) , ...

j (R,Q) = {g rR—> C | §(X+2ﬂ) = j(x) for all XQR}

)

C> complex vector space with inner product
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We know: L1

zw-pey(m/d:) = l—?'z.w-pey(m’d:) = /,) (R/£>

w-per

\ ) ¥
inner product: <§,j> = :—T Smj(x) d x

Orthogonality: cBn — (X I%;'_,T , X > cos(x) ;, X > cos(2x) j ..., X > cos(nx)
X > sin(x), x> sin(lx), x> sin(@x) ;... ; X > sin(nx) >

1
ONS in '_ZW_p ([R/@> for every ne (N

eyr

minimized distance:

U, finite—dimensional subspace spanned by 3n

wrife: CB,,:(L)1:\"1,---/L’N>' N =2+1

orthogonal projection of § onto ) :

N h
Jﬂ(ac) = Z \nhw

Fourier coefficients

efinition: - . '
DetiniTion £(§)(x) _ a'n_::_ + Zak.cos(k-x) + ng-SW\(k'X)
7 o1 k=1
| . N o A
with A, = <X|%ﬁ, ,f> = }—“f—\l% f(x)dx
Oy = <>u—>cos(k-x)  § > = :;[COS(I(‘X) flx) dx
b, = <xr—> sin(kx) , § > = :;fSi”(k'X) ) dx
e e [ e Ja(ac)(x) (with xeR)
is called the Fourier series of {c¢ I_ILZW_PW([R/@> <°a” A2 GRS e §€L12*-Pev(m'd:)>
example:  §:R—>C , f(x) =41, xelwo) A
0, xe[a,~] >

] 0
Q, = — 1 S — —_1
: ,"\fﬁz;(x)oix ’n‘-[%dx_ﬁ‘

=1l

]
S

0
= — {cos(kx) f(x)dx = ?Tu fcos(k-x) dx

J|
2|~
./,'\
7r|A

Q

Q

wn
e
—
5,
-~

~

0
Lk: %fsim(k-x) Jc(x)o‘x = :—Tfsin(k-x) dx

r ZLosin(x) + L sinGx) + L-sin(sx) + ..

. . 1
Fourier series: o
l ™~ >3 ™S

1.o~/\/\/\/\/\/\
V

A A

0.8

0.4 1
0.2 1

0.0 1
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orthogonal projection

fe LZW(RAE7/MM~> 7. (§)

er

K> frigonometric polynomial

(cos and sin functions)

N

exponential functions

Euler's formula: cos(x) = %(P}X T élx)

("

Example:

A-cos(x) + B cos@x) + C sin(2x) , ABcCeC

)i

A LX —tX B Llx -LZx) G Llx -LZx)
—Z(e t e +T(e t e +—\e - e

AZ-6LX+AZ-€:LX+(3%+%>6LZX +(ji %>e_m

k; complex linear combination:

Remember: In P (R,d:)

Lr-pey

Span (x I%{I_,T ; X > cos(x) ;, X > c0s(2x) ; ..., X /> cos(nx)
X > sin(x), x> sin(lx), x> sin(3x) ,.. ; X > sin(nx) >
= s -ix v0-x L X tnx
= Span ({xr>e , .. x> e ,xt>e  ,XxF>e ,.,x>e
h h n ik %
and ’5\'01_ + Zak cos(k-x) + th sin(kx) = zCk e
- “T k=1 k=1 k: h
-1—(0\“+—k,k—), for k>0
YA L
with CI\ — 501@ for k:O
1 by
-—i(O\_k— T : 'FOY k<0

T-per

Result:  Take L’LZ (R,€) D /l) (R,Q)

v-per

with inner product: <3C , j> = iﬁ‘ Sm.j(x)o{x

«R\\\ best factor for exponential functions

ONS: (B - ( X > 1, Xx —=>lcos(x), X >{Ucos(2x), X —> {2’ cos(3x) [oey X I%J_z_'cos(hx),
h

x%ﬁ'sin(x), X —> ﬁ'sin(Zx), X > {7sin(@x) , .., X > {Usin(nx) >

ONS: eh = ( X > eth) _ (ek) they span the same subspace

>
k:—h,...,n

o SelL RO E(5) = 3 er<en, £
k=-n

——
Fourier coefficients
h 1)
S vk -1
= S =y e, o=k (6™ () dx
k:-h n

Lad

The map h —> J:;l(J() is called the Fourier series of fe l_’Lh_p (TR,G:)

er

(with complex coefficients)
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Re) ~> F (e ?

er Z'IT—peY

Fourier series: }e )_12
r-p

(R,€)

tfrigonometric polynomial

. (5) = Z Ck elkx
k=-n
Cy = 21_1r fe:.th }:(x) d x

Geomelric picture:  For fe ]_‘LZM ([P\,d:) ~~> Ji(‘J[) € /') (R,d:)

er Z'R’—pev

g orthogonal projection

L) L F-3(5)
———
normal component

j

h—>co

> § 1

QuesTion: What happens for h — o 'L Ji(‘j:)

¥-per

w
? _
Proposition: Lh (fR,CE) with inner product <3( ) j> = iN f}(x)'j(")dx
e
and ONS (, €.,€,,8,, €, ) given by €y X > 6ka.

Then for 5—6 I_lh_w(m,@> and Ja(f) = i e, <e'k/ §> )
k=-n ———/

we have: CK

f

(a) 1 1 i 1

| 5-F I = 151 - >l

=-h
L-V‘O"m u" = <l> Pythagorean theorem: "g“'l: ||g}a(§)||l+ "f‘g}i(f)”l

(b) 2 1 1

kz;lckl < ||§|I for all n (Bessel's inequality)

=-h

= 1 1 k-> 0
(= Slal< I oSS0

(c) " f-ﬁ(})” 3 0 <:> émlckll — "§“’L

(Parseval's identity)
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7 \
1_2 ([R,CE) has ONS (, €1,2,4,8,,,¢,, > given by €,:X > eth

T-per

/™—> Fourier series Ji(j:) = Z Sk <e‘k ! 5:>
k=-n

Parseval's identity: “5-”Z = i |<E‘.k, £> |1
k=-00

= lf-Z)I = o

h—>o00

means: = J,(§) + . witn In) 223 0

er

Consider two functions: JC’J € l_?'h_p (R,C)

<5‘/ J> <— formula with Fourier coefficients?

§=3.05) +n it n) 223

h=> o0

J=d(9) + T witm I =3 ¢
{E(9) . ry| <

Cauchy

We have:

F(9)] 1l

Schwarz

<l3l-im1 = o

Bessel's inequality ’/;ﬂ

<97 =AM+, J.(9) + =D
= (EWE) TG + <n L F (Y LT (), EY +(n Y
N~ N

, , (*)
=(Sede > B aken D+ @
k=-n l=-n

- ERED el v

h :Sk/z
= §<§Ie’k><ek13> + (%)

h—=>co

_— kz-m <5—, ek><ek, 3>

Remember the eguivalent statements: I_?'Z ([R,C) with ONS (ek)k .

T-per

o vt ot |51 = 55 I, 651
k=-00

(b) ONS is complete: HS‘ _ i e <ek 5:> h> oo 0
K / >
k=-n N
(.5:: Ze‘k<ek/§>>
k=-oo
(c) ONS gives inner product: T

informal:

<5-’.j> - k; <5_’e‘|‘><ek’ j> <k§|3k><ek| = fﬂ.>

(d) oNs is fotal: Spavm({eﬂs \) is dense in l_lh_w(m,@> 2

keZ
V§€ 1—?'2'|T—pev(mld:> V€>O 3 N€|N, (>‘1:?\1.l"'lr/\N€‘c :
infinitely

N
H 5_ ) Z 7\k &k many from
k=-N

<€ san(E3, )
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I\
For proving Parseval's identity ~—~> step functions — -
Most important step function: A e
| xe [, N 7 —periodically
"\Q(x) = { 1 o >
0 , x€ (“lw) —’lli' 2\ ﬁ;’ -
for every ac [-,7]
Fourier series for this example:
" a
-tk -1k
o= <eh> = L (™ h@ e = L [y,
- =
&z+?’w , k= 0 —
_ ' -4 o
B 1 -ika Lk k
- ) 71- 0
Ui (-ik) ( )
Visualization: N Foure seres unti n = 200
O\k = 2- Re( CK) 0.6
by=-1-Im(c, ) J
0.0 P:
Show Parseval's identity:
t i 'k 1 -ika ik
k# 0: C o 1 ha - Lk e - € )
# | Kl T ( e e ) L (-ik) (
1 - ik Lk tk -k
i Q';r‘k"-(e 0‘—6 )(6 ’ - € >
_ ik(F+a) -ik(F+a) >
— ('I'T\'lkl (1 - e - 6 + 1
= ‘r}w"kl : (Z ~ 7 cos(K(F+a) )) — z}w‘kl : (1 — cos( k(F+a) )>
" ® ~\E 1 [ — cos( k(F+a) )
- — O+ - — -
= élcd - ( L ) e k:z-:‘\k k=-n kK
k#0 k#0

— (0\1:;\7)1 . j’(i% B i oos(llfrm) )>

k=1 k=1
General formula: XG[_OI'L?T] x,h—z-co &'héoo
~\
ioos(kx)) _ (X—’IT)'L_ Il /\ OK)\ (*:‘3
e NNk & _a
6 4 1
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0 ~\t ~\
Let's prove: z cos(kx)) _ (k=1 W ), XE {_0,2"‘;'-]
k=1

Note: n L . K { < _ikx
1T+Zcos(kx)) = 1T+ J{'(ekx+e"kx) :726

k:1 k:1 k:_y,
hX i i,kx
1 ¢ L X
— — & e _e
: k=0 ‘/{:\Jk/ ]
. In+d ns e \ #_1
i - geomeltric sum formula c]
l 1 _ 1
-Lhx ((n+1) x 4 x
_ 1 & -¢€ - e
1- e i é‘;ax
c.(h-tl,;)x ~(n+3)x
1 & - _ :_ sin((m‘—,)x\
1 i _i. 1 o . |
61.I-X B e.,_l.x a sin (_Z X)

for X€ [R\il'.‘rwﬂ mel‘z

=, sin(kx) - X
Lemma: kz:; ” = A for X€_((),Z’|T‘
and we have uniform convergence on interval [C,ZW—E] , €>0.
Prooft: f : h X X o
In{ kx
Z i ) Z foos(kt))d\’c = _( cos(kt))dt
k=1 k=1 % W ok=1
X
_ f(% S‘V‘(Q“:T){:» _ 1_l> OH.
0t sin (_i{;)
+A)t
— S SW.I(Q"‘%) 3 At _ 1L(x_,ﬁ_)
5 tsin(Lt)
5 (x)
A
infegration by paris § (x) = S Sl (1 t) sm((’“%)f\ dt
"\"\_,YL_J \——/_Y\_“_/ u\\:_1_’_ 12005('111‘51
W v (sin(iit»
V= n1+'— 1)'003(@”%){23
§,,(X) _ 1 ' (1)005(@1){} 1 oos(@ﬂ)t) oos( t) It
t 1sin(it) . J (-4) - sm t))
X
_ ((—1)cos((n+*)x3 1 J cos(pri)t) cos(Lt)
T opsd . B A
1 ZSlVl(lix‘) | J (SIV\ t))
\/\(—J W
= a(x) b(x)
For € >0, choose XE€ [C,ZW-E:‘: sm(HC) 7\
:! E | T+—>
¢ i VAT > ¢
" Sn”t>° = 1T (" “ + bl )
1 1 1 h—> o
énﬂT(’LS TS ") > 0
2.0 i Si\n(kx) 1 .
N Recall §n (x) = 2 ” + _L(X_")
1‘0: n =50 D
Theorem: ioos(kx)) = (x;ﬂ - T; ) XE [_0;2’:‘»']
k=1
/\ uniform convergence on |0,2%]
Proof: For E>D,x|x°€[€,lﬂ“—€]: (use Lemma)
X X
= sin(kt) Tt (r-¢) | (-1 (-7
Z At = _OH: S St — _ A= : Xo =l
k=1 K 7 4 . 4 \_V‘t\}
X X 0
uniform convergence -—\: ’ da
I

i fsm(kt) i _ cos( kt))
k=

cos(kx))
:—Z Kr +d1

0Q
Xo k=1

:> ZCOS(kX)) = (x(_'") t C é/ca\cu\afe i

k=1

S

sTill uniform convergence on [C,ZW—E]

We know more: z cos(kx)) uniformly convergent on [O Z’u‘]

k=1
by Weierstrass M—test since

oos(kx))‘

> [0,2) 3 X > Z 2050 ) continuous funo’ﬂon

(2)

[002‘-*] 2X > (Xl—t’n”) + C continuous function

(3)

|

ioos(tlxn _ (x(‘t"r) + C for all XE (0/2'47‘>
k-1

:> ioos(kx)) = (x‘—t’u”) + G uniformly convergent on [:O,Zir]
k=1

iy

Xy
Find C : J“’ cos(kx)) j((x—’ur)1 (x—’u”)3
kz:; X O{X—— A + C> O{X = - 0
° &—/\(\/

// uniform convergence ’.‘(3

0Q

Z COS(kX))A =
: k* :> C = - 1_'L
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k ' N repeal
' /7 —periodically

h ) =4 e
) 0 , x€ (a.'lT)

(part 10)

<+

Parseval's identity holds for kq for every possible a ,

Step functions:

consider the complex vector space:

there are me N, 4.€ ["ﬁ'z’n:],
'l\;,ed: such that:

J= iﬂi' l"%
Y

Sh_pey(ﬂ’\,@7 = ijﬂ}? (R,€)

Z'uT-pev

/N —
adding
.
I o b—> /N
_ ¥
I b—>
e w
Do we have Parseval's identity here?
A m
Consider step function g€ "CZ (R,d:) ~—~> — —_ | 9= Z?\L-L\M
r-per - L =1

Cy = <ek,3> = <ek 127\"-['\*; :Z'M<e_k, l'\%>

1 . m m
|CK| = G & = 27\9 ey, L\‘*J> 'Z?‘i ey ha>
g L=

3

= 2% B Ky o> <o b

J=l e

=

Zn; | Ckl1 = i 2, 'M( Zn;<l'\%., e, > <& If\a.b>> _ informal
k=-h g =1 k=-h Scel -
(part q&m <\ ﬁ <k§;olo|e> - | ﬂ>

we have Parseval's identity
<l’\a‘5 , l"«a> for I'\AJ and L‘«a

= 1 m ™ m m
— Silal = > Ay by = <Z7\J'L\% ,Z“‘»'L‘aa>
k=-00 ~_" J=1 c=1

"').')=1

= (509> = sl

Parseval's identity holds for SZ (RI£> - '_'Lh_pey(fk,(l:)

Y-per

Result:
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Theorem: l_lh (fR C) with inner product <§ j> i’?’ f $x) j(x)oix

: ikx
21848018 ,%, ) gven by ¢;: X>e

For }e L;_pi[k,@) define: Ji(}) = i e, <&, E> :
k=-n R e

Ck

Then: "5‘35(5)”3 0

1
-horm

<equiva|em to Parseval's identity: ||JC||Z = > e, §>|1>
k=-00

1
Fact: Contihuous functions are dense in I_M_ ([P\/d:)/ which means:

For JCG. - (fR C) and € > 0 there is a .o -periodic continuous fuhction

9: R—=>C with |Ifoq]<c. )
K_//]_-horm

o 1 step function
Proposition: SM-PW([RI(E> is dense in ]_ZW_W([RI(E) A ‘{

N
7

Proof: et ¢ >0 , & [u n] —C square integrable,

Theh there is a continuous funhction j: [_ v, n]% C with ”JC 9 ” < €,

domain compact

> j is uniformly continuous : for given ¢ >0 +there 5>0 :

x-yl<§ = [900 - 3(n)]| <€

=
DeCOm‘POSC [-',‘I'I’ﬁ']‘. /1—1 /I'L (IN g
—FX_H_Hﬁ% length(T;) < §
KCJ:: sup{j(x) | X € f}}
7(\/ define step function:
k(x) = CJ for xc IJ
==%
We get: |3(X) — k(x)l = |‘j(X> _j()'> | for )IGTJ
x/eI N €
; because |x-y|<g
In total: "S—Hl "S j”+ "j Hl <C€ []
-
T u ()~ Mx)|>
-f V\f\/
<c
Theorem (see above): For 5—6 L R 417 " Jc_ Jﬁ(a‘) ” 3 O

Proof: et € >0 , 56, I_M_pey([P\,CE>, Choose L\€ SZW_PGV(R,@,) with ||§—H|<E

Then: || f-F () = §+h-h-F(5) « F(h) - (W) |
N =h) - F -+ Iw -3 ) |

— — ST 3w (part 1)
<F-ml<e 0
Pythagorean theorem:

(F-h)
|(F-h) - & (5- h)|| + | (5- h)|| = ||(5- h)ll ig (5-W)-F5-h)
& (§-h)

—> lim [ {-F ()] =0 O
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MM

o ;

h—> co

[5-F5)l, =3 0

V o

]

hot a pointwise conhvergence!

=

~> We cah get uniform convergence for special {-‘uhcﬁonS

Example: contihuous and ?piecewise C1-{-‘uhc‘tioh

5 . (£)

G v - -V v -
Supremum horm: ”Hlm = sup |§(x)|
Xel-m7)
- w
1 1 1
:> j“(x)l d x < 5".&"% dx = l4%. ||5'"M
- -
= sl £ |5l
Theorem: 5: R ——> € 7+ -periodic contihuous function.,
—"n“ o A Y 4('... "T"§ :
\\0\0 ah+1
Assume there are finitely many points (a\“au ey a.,..)
inside fhe interval \:—w,ﬂ such that:
1 :
Sll:a.j'“.)u—.l s for &l JCXOILWIMS
h
Then: " Jc‘ Ji()() ” %h_>°° O ‘Fvn(}) = Z e_k<ek, 5:>
o k=-n
ik x
Ck: X—= e

5> = & [ gon
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Theorem: 5—; R ——> (14 -periodic continuous function

and ?Piecewise C1 -function :

there are finitely many points (0\1,41, .y aw)

W: inside the inferval [—'h’,’u”] such that: _.fl € C1

0y a a a g a‘J'“JH_J
for all JCZ’OIL.,_,MB ] 002-’-' -, Amay =

h—> oo

Then: Ji(JC) —— £ uniformly.

Proof. Consider the derivative function: ?(X) 0 , K€ &”\u“um/ “H'\}

/N K §\(7‘) , else
\~
\

—o0
/ /\ AN Piecewise continuous function
s ——s Y \7

1

<L, (Re)

¥-per

Parseval's identity: || ?”Z = Z |<e_k,'§>|l < o0
k=-00

What about the Fourier coefficients of )( 1 (k#O)

Com € 6> = £ 1™ g0 b = L ([ - fuv i)

/ A— 1
-7 v
ie-;'kx integration
~tk by parts
_ 1 | 5 ke T _le ®
= Lo L 0™ Ta) = Lo, T
-7
xl_*:'t

General inequality for real humbers: Xy < ;

/ z
af = L e 7o < &+ [Ke 1)

> lal < Z 1TL t 2] ‘<Ck1’5\:’>‘l < o
oy o =
4 L‘(X 0o
T =2 etk 50| < M = |a, M, <o

fx)

Weierstrass
M'T&ST ()

_> Jck uhiformly convergent to a continuous function
k_

L\Z‘—_—?r,’ﬁ'] —>

h—> oo

&EG) _'JC ||L‘L HO

Status quo: ‘

) -hll, =0, |

More estimates: H JC - ]’\ ”Ll < H § —Ji(a()”Lz T “EG) - L\ ”Lt

S & -h

h— oo
O continuous
functions

Hence: H 5: — k ”Ll = () _—_> § :lq

h—> oo
J:n-(.;) — } ||°° EE— O (uniform convergence of the Fourier series)
L]

Conclusion: ‘
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- Parabola

. . . ‘ .
—> continuous + piecewise C -function

S-(x) = Xl— 'ITt for XC [-’IT,"T].

{ —S‘?e:th 5(0 Ax

Let's calculate the Fourier coefficients: Ck 1= <ek, §> = Y.

Cy= 11: S(Xi—'ﬁl) Ax = :—ﬂ‘(%Xg—T-,'X)“ﬁ_

-
]

Example: g: R —> L3 -7periodic with

-
u

— Z'K%W-&—’IT?’) = —%’li’l

For k+0: Cy= g—k<gk, §\> (inftegration by parts, see part 15)
1 ge"“kx Lx dx (in’regraﬂon by ?ar’rs>
N .

= ik -

- =4

_ 1 (e—tk'ﬁ',\, ~ eakw(_,'\ﬁ
ok NS 'k T 'k
(-1) (-1)
k
_ 22
= —
= ’ = 2 () ik
. : (R (KX 9 L1 i (KX
Fourier series: X =0 = 2 Cy e = -3 +Z . e
k=-oo kz;aoo k S |
xe [-7, ) cos(kx) + Csin(ky)
— _lrnr?' + 22 COS(l{X)
k=1
1 4t b
For all x¢ [—’n”,ﬂ X - —3—'7 = 2 F("ﬂ 005(l<x)</ uhiform convergence!
k=1
In particular for X =10 : - %—'TL = kz F('ﬂ
- 1
oo k
(-'\) _ 1 v
S| -
Parseval's identity: 3 { () 1 b g
kZJCkl = ”S“L} :ﬁ-N(X —'N) Ax :—S_'IT'
S e (=4 '
Gl + > [N
k:—oo k
k#0
"'T/:Zi‘* N R
s T &k X
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S(%7):= lim JC(Q—Q) exists |
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5; Rﬁ(l: L -Periodic Ji(ac) g )C (in L -norm)
fe I;_Pey(ﬂ{ld:> :> Ji(JC) Q £ (pointwisely)

J?n(f) — > _;C (uhiformly)

h— oo

——9 >

(R/Q> ) )26 [—’ﬁ‘,’u‘r] with:
lim S(%+h) = F(X)

exists
g e h
A o A . %
S(54):= tim §(2+e) exists lim £e0) =5 R)
€>0 h>0 L‘
A h—> co 1 -
Then:  F, (§)(%) > —Z(JC(Q") + £(% )7 3\\
middle point
Example: N
W 0 , xel[w.0)
| \ JC(X) : {
- x , xel|0,7)
= O —>>
=N iy
Fourier coefficients: C, := <ek, 5:> = 11: 5 e,_ikx ('ﬂ'—x) dx
0
_[% k=0
‘ k
(Al ) D) ko
Fourier series: - n \ _
FO) = e RTES
kii? bk = (,-(Ck— C—k>
n=10
~ n n
= = 4 Z a, cos(kx) + Z by sin(kx)
t k=1 k=1
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Definition: The continuous function D,: R —> R, he N given by

n

- n i + 1
SDh(x) = 2 Gth = 1+ZZ cos(kx) = Sm(Qﬂ ,_)X)
k=1

k:_y. part 11 Part 11 S'h (-12 X)
[

is called the Dirichlet kernel.

2% -m zeros
n=13 for MCZ

2w -7Periodic

For Fourier series: Ji(f)(x)

||
1M
O
o
}
x
||
=
-
/‘l\
=) -
_?¥—-—3
®© -
\;;._
A o)
~
~
S~—~
Qo
<
o
;r
x

k =-h
— zl',TfJC(Y) k:i_h g“k(x-y) ”{y = Zi'.TINJC(y) D,(x-Y) o(y
= 5] He000de = £ [ 00) fend

Properties:

(1) D, has exactly Zn zeros inside the interval l:’ﬁﬂ

A — sin((m‘—t)x\
0 ——a " g o g

2
__ W

i sin(‘; X )

O
]

(2) __'J;:D,‘(X)a\x = i(" + eix_'_ e—ix+ 62Lx+ 6—1Lx 4 e 4 @hi‘x.f. e_mx)a‘x
= I = {0,,1 =1
(3) j' D,(x)]| dx ——5 o0
R = & 3 : : s = Sih(—x)
Proof of (3): :Dh(x)| = |Sih((n+1t-)x\| D
|sin(—‘£x)| T
> lsm((::%)ﬂl for all x> 0
Y
:  Lsin(e 0|
S2.00de =T J D00 de = 2 sinfee )|
-7 b X
, (}%)f" |sin(y)] ; |sin(y)]
= >
A
08 |sin(y)| h k-f e
] \/\ Y = Z j | si (}’)l ”\)/
W R VAN k=t (k1) Y ke
S — ST |sin(y)]
> 22 j / Ay
k=1 (k=) k-d

||
~N
L
=
\ -
=
v
S
[ <
-~ | =
Q.
~
I
o
(o]
S
w
—t
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Thearem: ;€ Izw-pev(mjd:) ) )?6 -7 ] with: /\_\:t,\\/

. A }\ _ A
§(>Q') :— |im ;(Q—e) exists ;!'_'R §(x+ ) JE(X) exists
e :
§(£+) = !I_m ‘S-()Q +€) exists | L!m \S:()?"'}\)k— J{(Q) .
€>0 h>0

Then: 5, (§)(%) e 4—Z<§(>A<+) + JC(Q‘D —: M

Proof: Dirichlet kernel: :Dh(x) = S|:|(r{i:1§3 gives Ja(f)(?() = <:Dh, §(Q—)>

- / and <th, M> = M

/\ symmeTtry!
~___/\ VAN N

D VAN BV

Use symmetry: <:Dh, J((Q—)> = % I SD,,(X) JE(?(-X)AX

Pointwise limit:  F, (§)(X) — M = <®h, }(9—-)> - <, M>

>~
\

— L ‘S\‘Sih(Qﬂjﬂy\ 5(;(-'-)/) _§(9(+) t §(§(_y)_§($\(_) 0(
0 | sin(Ly) .
)
- Jsinleey) 900 dy

0

1
P
(e e)

<e—mf)1> + <eh '32> — 0

Part 8

(\ / (Bessel’s inequality)
1

I_M_P-efuncﬂons

Jen) -5 k) - 550
sin(z) sin(£)

0 , yelal

e

92
Show that q€ I_ZW_W:

9(y) =

| )/(—L(Orn}

Does j()/) exPlode for >/»—> ot ?

— su\r\\/(‘zy) = | Hx+y) (—§(§<+) 3[(9“)’)}/— $(x)
< sin{Ly —
=y o y=>o

because d'_m 5(% ”\)k— 3{(;\() —. Ct
{(x-y) - §(x) SR -HX) | y=o _
" | sin() | e[| e
because d}g% S(%+ k)h— 3((%) —. C“ -



