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Fourier Series

Exercises 1
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Fourier Transform — Part 2

: 4/////>

The function is 2—periodic: g()(+ 2) = j(x) for all xe R

/ ////>

Idea of Fourier series: A

0 IN'g
F_(RR) =§ f:R—>R | S(xe2) = J() forall xeRT
L/'> real vector space
Example: o constant function 3:()() = G i 5
Ve _rr e
® - R
b 2e ~
A
. f X F>sin(x)
. > X > sin(1x)
0 \/\M'ﬁ-




Proposition: [\ C f (R/ fR) given by odd functions

Iv-per
’ /
u X > sin(x), x> sin(2x), x> sin(@x) ,...,
XH> 1, X > cos(x), XF>cos(lx),; X > cos(3x) ,..

K even functions

is linearly independent.

Definition: A linear combination fé Span(W) ., JC: R— R, is called

(real) trigonometric polynomial:

g(x) = 4, + Zak-cos(k-x) + th-sin(k-x) .4, beR
k=1 k=1

For f (R,Q:), we have a (complex) trigonometric polynomial:

2w-per

((x) = > ceexplikx) , ceC
k=-n



Subspace:

Definition:

Example:
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Fourier Transform — Part 3

(]R fR) we have (real) trigonometric polynomials:
2'1' per

g(x) = 4, + Zak-cos(k-x) + th-sim(k-x) ;4 ,be R
k=1 k=1

/'i 1= SPaV\(X —> 1, X > cos(x); X > cos(lx), X > cos(3x)
T-pevr

X > sin(x), x> sin(lx), X > sin(3x) , ... >
N
—
Y
basis!

v} 9€ 1 Y, we define an inner product:

2ar- per

{Fi 9> i= ] 560 90 dx

=h

<::?( —> 1 ; X = 1j:>’ — _Z%F_;fy4 Ax = 1

w

<X > cos(x) , x —> sin(x) >

1

;Tfoos(x) sin(x) 4x

~
1

A (Tl [ ) =

1

>
< x F>coskx) , x > sin(m) > 1—~f os(kx) sin(mx) dx = ()

W
odd function

T v

<XI% 1, x%cos(kx)> = fcos(kx)oﬁx :;—IT%SM(k-X) =(

"
=

x> 1, x> sinm) > = 0



w

< X —>cos(kx) , X I%oos(mx)> — 1—~fcos(k-x) cos(mx) dx

/\A /\ ) /\/\ 0 i ksn
V | V\/ ‘ \/v , \‘ Use: cos(x) = (X + &

w

Then: fcos(k-x) cos(mx) dx = %f(é(k+"h)x+ éi(k+m)x

o~
=

Crnad
=M

|)

£ (k=m)x . éi(k—m)x dx

e

k\Zélm

1 1 i(k+m)x g ~i(kem)x ( i(k-m)x -L(k~m)x>

SN (I e 1

) 4 <L(k+m) ¥ =i (k+m) ¥ 2 (k-m) c ¥ -i (k=) c
Use: sin(x) :1— - e
\ -

L(Lsincormn ¢ siw<<k-m>-><>>
1 k+m n

5 £
And similarly: fsim(k-x) sin(mx) dx = 0

Lo
=h

@€

-

I

-

Result: 3 — (x > 1, X > cos(x),; X F> cos(lx), X —> cos(3x) ,

X > sin(x), x> sin(2x), X > sin(dx) , ... >

satisfies <§'J> =0 §¢j / JCIJGQ(B

~> (B orthogonal basis (0B)

~—=> make to orthonormal basis (ONB)
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Fourier Transform — Part 4

We already know: we have an orthogonal basis (0B)

3 = (x > 1, X +F> cos(x), XF> cos(lx),; X > cos(3x) ,
X —> sin(x), x> sin(2x), x> sin(3x) ,. >

for T;Y_Pek with inner product <§,j> P = J}(x)g(x) Ax

w
Normalize: x> sinthx), x —> sim(kx)> 1—Nf sm(kX)) Ax ﬁ\ >
1 24 -7

~
] -

f(sm(kx)) Ax = fsin(kx) sin(kx) dx = sm(kx)(-—) cos (kx)

N g \_..a-Y-—/ e
-7 R v\‘/‘
: : W= kcostkx) 5kcos(kx)(-—)cos(k><) Ax

integration by parfts:
V = -%‘ cos(kx) v

— fcos(kX)) Ax

\./_Y\J
o 1- (sm<kx))
= 7 f(sm(kx)) Mx f1 M = 17

<x —> sim(kx), X —> sivx(kx)? — 17 ~> length = 1F

Hence: X > |77 sin(kx) has norm 1

Proposition: (1) (3 = (x > 1, X F>]Tcos(x), X F>{cos(1x), X —> {2 cos(3x) ...,

x > [T sin(x), x > {Tsin@x), x > {Tsin(@x) . )

v
is an ONB w.r.t. the inner product: <§'j>1 L= Z1—Wf}(x)J(x) Ax

o~



(2)

(B = (X I%‘l— ) X > H:—.oos(x) ;X I%loos(ZX), X > 1 cos(3x) [ oo,

% I3 O
X —> l%'SM(X)’ X —> J%_|siv1(2><), X —> l%Psiw(:&x) S o >
z
is an ONB w,r.tT, the inner product: <§,j> = 1) g00) dx

~

(3) = — ( > (3 x)
:B__ X ﬁ’ X > cos(x) , X > cos 2x); X CoOslox) ..,

X > sin(x), x> sin(lx), x> sin(dx) ,... >

w

is an ONB w,r,t, The inner product: <Jﬁ,j>3 L= ,l\, f}(x)d(x) Ax

=0

For frigonometric polynomials:

h n

£(x) :'d'”"_,TJf Zak-cos(k-x) + Zkk-sin(k-x) . a;,b,e R

N

Fourier coefficients w.r.t. ONB in (3)

0y = <XI—>COS(|('X) , }2 , ’oTU:<x '941—7:Jr>
3
b, = <xr—> sin(k-x) }?

trigonometric polynomials

Approximation of periodic functions? with basis:
j —
B=(h. b, . h)
9 ¢ fR —> R
15 —periodic +“in’feqrab\e" /X ONB!

/

N
orthogonal projection = \”K<L‘klj>
k=
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Fourier Transform — Part 5

J (R,C):{§: R— C | L(x+2%) = J(x)  for all xeR}

2r-per

/') (R,d:) P = SPaVl(X I%iz-, X > cos(x) ;, X > cos(1x) ; X > cos(3x) ..,

2r-pey 7
X > sin(x), x> sin(2x), x> sin(3x) , ... >

- e
> inner product <chj> = %’ f}(x)J(x) Ax

Let's take integrable functions:

1 1]
Lo (Re)={5eF (%) | J1500 de < oo
& | i [ integrable with respect to
compiex veclor space Lebesque measure on [-%,7]

norm? T voblem:
||}||1 1= _i”(x)l Ax problem: . T

L) not a norm on I1 (R/d:>

x-per

V

—
Q
:q L

solution: equivalence relation .5:~j = ""F_J ||1 =0

set of all equivalence classes: 1_12 (R/d:> = sz_pey(fP\/d:)/N

T-per

\

complex vector space

IS0, == 1151,
K\£> norm!

dentify: U (®e) 2 /l;_pey(m,a:)




Let's take square—integrable functions:

1

L (RC) =7 FeT_ (R0 | 15l dx < oo |

1
norm?

51, = S1s6a1" d

solution: equivalence relation §~j = ||§_J ||Z =0

set of all equivalence classes: I_‘LZ (R,€)= I;_pey(fk,di)/,v

Y-per

C> complex vector space with inner product
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Fourier Transform — Part &

We know: UZW_PW([RI([:> ) L?'M_Pey(m,d:> - T) (R,Q)

2v-per

\ ) ¥
inner product: <§lj> = % ;{mj(x) dx

Orthogonality: 3 — (

n

X I%;I_,T ) X > cos(x) ; X > 00s(1x) ..., X F> cos(nx)

X > sin(x), x> sinlx), x> sin(8x) ,... , X F> sin(nx) >

1
ONS in I_ZW_P (R,C[:> for every ne N

er

minimized distance!

W, finite—dimensional subspace spanned by 3
h n

write: QB,,:<L’1'|"7-:---/L’N>' N =2n+1

orthogonal projection of § onto ) :

\ "
A5) = S m<hs>

Fourier coefficients

Definition: J'_.,.(JC)(X) _ ,5:01_ N o -cos(kx) + Z Ek sin (k-x)
7 k=1 k=1
ith Gz (x> f > = 4 L 59 dx
Q) = <XI—>COS(|(X) ) j:> = :—T' COS(k‘X) ;(“)o‘x

b, = <xn—> sin(kx) , § >

|

The map h — Ja(‘f)(x) (with xeR)

1
is called the Fourier series of fc szlT (R,C) (oam be extended to fe I_th_?ey(rk,c[:s

-per



N\
0, xe[o,v] S
1 " 1 :
a'a: — _1_. X = - 1 — i.
,"\gﬁ,f()dx ’"\:{E dx = T
4 w 0
Qk: } [COS(I(X) :F(X)O‘X = "17' foos(k-x) o‘x = O
! , - ¢
(Dk—‘ ’l_T' .(SlVl(k'X) 5:(*) X = } sm(kx) o‘x — é(_lkcos(kx)>

1b Zsinx) + LosinGx) o+ L sin(sx) + -
2 e 3 S

Fourier series:

[\/\/\/\/\/\
VAR Y/

/\v/\v/\vf\v/\
V v




The Bright Side of Mathematics — hitps://tbsom.de/s/ft

Fourier Transform — Part 7

orthogonal projection

fe b, Re) ——  F(5)

2x-pey

k> trigonometric polynomial

(cos and sin functions)

N

exponential functions
Euler's formula:

cos(x) = %(ejx ¥ e_i'x>

Sivq ()( ) - .é%- (; Ei})( _ fé:(‘x‘j)

v

Example:

A-cos(x) + B cos@x) + C sin(2x) , ABCeC

)1

A LX —LX B Llx -LZx) G LLx -LZx)
—Z(e t e +T(e t e t—le - ¢

]
|
®..

e (38 (3 )

K% complex linear combination:

Remember: 1In /l) (Rld:)

Lr-per

SPaW (X I%;'_,T ; X > cos(x) ; X > cos(2x), ..., X F> cos(nx),
X > sin(x), x> sinlx), x> sin(8x) ,... , X F> sin(hx) >
3 —inx i L0X Lx Lnx
= Span (xr>e ..  xF>e [ xk>e G XF>Ee .., XxF>e
h h | n Lk x
ay\d aU_L + ZQkCOS(kX) + ZER'SH’](I(‘X) — zck e
B o k=1 k=1 k=-n
l(o\kar_k.k.), for k>0
1 L
with ¢, = '5”1_7 for kZO
1

_z_(o\_k_ ﬂ , for k<0



Result: Take l_?'z (R,d:) D /l) ([RI([:>

T-per Lw-per

with inner product: <§ j> i’?‘ :{ )j(x>0|x

/\ best factor for exponential functions

ONIS: ZB = ( X > 1, X —>{Tcos(x), X +>{Tcos(1x), X > {2’ cos(3x) [on, X I%J?oos(hx),

X >0 sin(x), x> {Usin(x), x> {Tsin@x),.., X = {Tsin(nx) >

Y

1 they span the same subspace
ons: €, = (x> i) = (o) P

k=_hl"'ln k:-h,...,V\

or Jell, Ry (5) = > edey, £>
SELEES St

Fouvuev coefficients

= EHE =N, =t [ i)k
k=-n )

1
The map h —> Ja(JC) is called the Fourier series of er: I_ZW_W(TR,CE)

(with complex coefficients)
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Fourier Transform — Part s

Re) ~> F(f)e P

1% ZW—peY

Fourier series: ¢ [_12
T-p

(R,C)

tfrigonometric polynomial

7. (§) = Z Ck eth
k=-n
Cy = 21—1?_ fejkx }:(x) dx

Geomelric picture: For fe I_‘LZW_PW([R,(E) ~ J:,,:(§) € /') (R,Q)

lx-per

g orthogonal projection

L)L F-30)
———

normal component

hW—>o

Question:  What happens for nh—> co b Ji(‘aC) —> [ 1

T-per

Proposition: l_th (R,@) with inner product <§ , j> = iﬁ, f‘m.j(x‘)dx

. ikx
and ONS (...,e._z,e,_“e,o 18,9, ) given by €,: X> €

Then for 5—6 ]_'sz_pey([kla:) and Ji(‘)c) = i S <ek/ §> )
k=-n ——/

we have: Ck

- T = ||§||‘-k<_j|ck|““

L—V\OVYYI u" = J<,> P.{fhaqovean theorem: " S:“l: " J:,: (_)() ”1 + " JC - C/ﬁ (J() ”1



(b) " 1 1
Z|Ck| < ||§|| for all n (Bessel's inequality)
k:-h
> 1 1 k-> ca
(:> kZ_HCKl < "&“ and C, —> O>

DIEOITS 0 @ Slal = s

(Parseval's identity)
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Fourier Transtorm — Part 9

1 [3
1—2 (fR,(E) has ONS (, €,,,4,,,8,¢,, ) given by €,:X > e,"kx

T-per

/™—> Fourier series Jﬁ(f) = Z Sk <ek ! E>
k=-n

Parseval's identity: ”5—”Z = i |<ek; §2 |'L
k=-00

= 5f-Z = o

h=> oo

means: = F(f) + n it ol 23 g

Consider two functions: :F’.j € I_'Lh_p (R,C)

er

<5'/ J> <— formula with Fourier coefficients?

§=3.(5) +n witn n) 223 0

h=> oo

J=(9) + & witn T 23 0
{E(9), | <

Cauchy

We have:

*XC WA

Schwarz
W—=>o0a

< gl — o

Bessel's inequality -/

<5ig7 =T + 0y Bl + B
=) T + <, T ()P KT () EY +n Y
m

h h (%)
=P ade, > B eake >y +
k:-h 1=-h




h h

k=-n f=-n

&, §> ey, j> <eu e-x> + (%)
e~

h = gkl

<5_le'k><e'k15> + (%)

=

h—>oco

> kZm <§,ek><ek, 3>

Remember the equivalent statements: )_?'h (R,&) with ONs (e")k .

T-per

(a) Parseval's identity: ”5—”Z = Z |<e'k/ §>|'L
k=-00

(b) ONS is complete: HS‘ _ Eh:; o <ek §> S 0
K J
k=-n oo
<§: Zek<ex,§>>
(c) ONS gives inner product: T

informal:

<515 = 93<He><on s> (S -4)

(d) oONs is total: Span({e& > is dense in L'Lh_ (R,C)
ke -

V&c—:lfh_pey(rk,m Yes0 dNelN, N2, 2eC:

N imﬁmifi\q
many from
F-2ihe < ¢ san(e )
k=-N ke
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Fourier Transform — Part 10

A
For proving Parseval's identity ~—~> step functions — -
Most important step function: A repeat
R N J7—periodically
h.(4) = | : b—>
0, xe(a,m) & & T
for every ac [-7,7]
Fourier series for this example:
1 -l-k (| -th
o= <eh>= L *L(xvaxzjf
=n ’T—
0\?:I~N\l ’ l(= ) —
= ! - o
1 ~-ika Lk’ﬁ‘) I(
- ) 7': 0
L (-ik) (
ViS ua \ iza‘ho n: N Fourier series until n = 200
1-Re(c,)

0.4

by=-1-Im(c, ) J




Show Parseval's identity:

Yy |CK|1 _ 1 (e:i.ka _ vk 1 (e/—i.kax _ ei.kﬁ')

Iv (-ik) Iv (-ik)
N { -tka vk tka ik
bkt ( B ( B )
_ 1 ) Ll\(u +0\) "i-k(ﬁ_"' 0\) >
bt (1 ) ) 1
1 _ A 5
— D (Z ~ 7 cos( k(n+&) )) o (1 - cos/( k(u+0~) ))
n 1 n (k(u +0‘) )
> t o+ 1_ 1_1 — cos
_> k:Z_ilc‘l\l — ( 24 ) + 9 ot é k é‘ Kt
k0 k0
o+ : 1 - L ", cos( k(i+a) )
- ( 1% ) T k* z i
0 k=1 k=1
General formula: xe[—ol')_«ﬂ &h»oo \\'h—;»oa
icos(kx)) _ (X—’I\I')'l_ W /_\ (70\ . (*I) .
k=1 K 4 11 \l a s
4 4 1
e 1 ~ L 1 ~\ G'L Al
— oL+ N e
= éjcd —(Z,"V) + ,“J(é e
L 1 ~L
— O + W L _ i — 2o +% '1_
() v 5w T et

||
—
S
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4 [ ) 3
Fourier Transtorm — Part 11
0o ﬂ'l. ~
Lef's prove: Z COS(kx)) = (x(_}") - % J XRE [_0)2'0’]
k=1
Note 1 ioos(k y = Ly - _1_.( ik x -ka) -Li thx
1" T 1\ € -7 £
k=1 k=1 k=-n
hxX i k x
( N : L X
p— —e e :e
L k=0 a]k/ ‘1
. Ln+f toi £ | __'{_1
~inx ,1_ geometric sum Tormula cl
1 -4
~tnx (n+)x Aix
_ 1 & -¢€ - €
1 L X i
1- e gtk
Led)x -i(nd)x |
e -e Lo sin(eed)x)
R -4 7T g
e - e’ 7 sin (1—,)()
for x€ R\ 25 m | Me%}
= sinlk T~ X
Lemma: Z k( %) = "L for XG((J,Z’I?
= 1

and we have uniform convergence on inferval [C,Z?T—E__] , €>0.

Proof: h in( kx X .
Z SlVlk( ) _ chos(kt))dt = _S-ZCOSU\{:))A{:
k=1 k=1 % k=t
_ S~x<4_ sin(e+9)t) ¢ It
el sm(‘—b’c) t
In(p+i) t
_ S sin(prd) t) - 1_L(x_1,»)



X
integration by parts: §n(x = S zsm
™

1 (1) cos(w‘)ﬂ

sin(pr)t) 4t
Lo

\_/\/——/ \_/—\/\\/ “\=_1_

! v " (sin(g0))

V=t (1) -cos(prt)t)

n +

1 cos((m‘)t\ cos(Lt) It

§n(x) = "*17

I

ZSWI

Ep sm t))

™ i
X

1
+ L
n l

For € >0, choose xG_[C:ZW'E]‘

1_((—1)oos(w1)x§ B Joos((mi)t) cos(Lt) It >

zsiW(iix) 4

(sm t))
= A(x\ L,(x)

sin(40)

E = T—>
¢ [ li-¢€

|

[ 5.0, € 7= (Ilall.,‘,+ I|L||Q
1 | 1 ~ h—=>0o0
é“*‘%(lg + (fgl'"> >
Recall 5,, (x) — - sin(k) + 1—L(x_
k=1 k
0o ~\t g |
Theorem: kz;oos(kx)) — (xl—t”) - % ), XE [_0;2’-3']

\ uniform convergence on [0,7%]



Proof: For £ >0 ; X %E [C ) ZTT-E] : (use Lemma)

X X
i sin(kt) - fEM - Mx X . (-7 + o)
. ‘ ) ¢ ' X ' ‘—Vlr\J
uniform convergence ’\T:: Xo 0 Cja
I
i fsm{kt) B i _ cos(kt)) ) i oos(kx)) c
k = oy k=1 1

= k x _a)
:> Z costhx)) = (Xq ) t C « calculate itf:

S still uniform convergence on [C,ZTT—E]

We know move: (1) Z oos(kix)) uniformly convergent on [O Zﬂ‘]

k=1
by Weierstrass M—test since

COS(kx))‘

> [0,24) 5 X > > cos(kx)) continuous func’ﬂon
k=1

(2)

1
[o,zﬂ 2 X > (x;") + C continuous function

(3)

i°05(:{‘)) = (’\;“) + G for all xe(0,27)
k=1

LN cos(kx)) _ (x-7)
DY k' Tk

k=1

ca 1
+ ( uniformly convergent on [:O,Zfr]

- kg

Find C o 5 . ey
: JZ os(tl))o{x:j((xltu) . C) Iy
k=1 12
’ ’ k/'\(\?J

” uniform convergence iy

1e ¢
N cos(kx))
?ﬂj = :>C:—T'—1

0 11
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4 [ A Y
Fourier Transform — Part 12
L _ N repeat
a — /7 —periodically
| o $ 1 , XE [""if. 0\__\
- o T L\Q(X) =
0 , x€ (“l‘ﬁ)
Parseval's identity holds for l\q for every possible a . (part 10)
Step functions:  consider the complex vector space:
S (R d:,) . \}. there are !me..IN, a.E [—’ﬁ',’ﬂ'],
L-pey / . 3 € h_ﬁ)ﬂ(]k,d:) 'I\;,F_(D such that:

9= i?\il l"%
=1

/N —

Do we have Parseval's identity here?

(R,&) ~> ———_ |9=2nh

Consider step function g€ S

Lw-per

\

Cy = <ek,3> = <Qk ,Z'M'L\M :27\;<ek, l'\%>



|C|«|1 = ¢ ¢ = 207 ey L‘ag> '27"»<e-k: ha,>
j=t L=
= 239 A Chy > Ko b
J= =1

ZIckl —Zm<z<n.ek><ek.k>> (z "
> le><ey =

we have Parseval's identity

<L\AJ ,l’\%> for L\QJ and l"ﬁa

— :Z_;mlc"l Z AN <L\a h, D = <Z7\ ., ,27\ h. >

\.01
= 99> = |5l

Result: Parseval's identity holds for SZ (
-per

R /d:> < I_zzm‘—pev(ml<£>'
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Fourier Transform - Part 13

Theorem: I_lh_w(fk,dl) with inner product <§ , j> = i.’? [m-j(do{x

: Lkx
and ONS (,,,,e,_”e_“e,oje,“e ) given by ¢,: X+>¢e |

JCG"— Rd:) define: £(§):iek<ek;§>.
k=-n  —~—

Ck

Then: "JC-J—;(J()HS 0 )
*_\__//

| -norm

(equivaleh‘t to Parseval's identity: ||JC||Z = >, Ke,, §>|t>
k=-00

(i
Fact: Continuous functions are dense in LZW_pey(fP\/@), which means:

For 5—6 L fR ,C) and € > O there is a /7 -periodic confinuous function

ﬁR%@ with ||j:—j”<€ .
N _—L -norm

(R,Q) is dense in I_‘LM_W(IR,QZ), A VA

step function
Pro?Position: S eP functio

Z’ﬂ'-pev

N
7

Proot: | .t ¢ >0 ) 5: EH u] — C square integrable.

Then there is a continuous funhction j: [ v, n]% C with ”f 9 ” < ¢,

domain compact

_> ‘j is uniformly contihuous : for given >0 there S>O :

x-yl<§ = [900 - 3(N] < ¢
\/§7‘\

Decom?pose [’T "‘]! /L /I.L (IN | J
=] lengthiT) <4

\4



/—CJ:: sup{ﬂ(x) |xe fu}

define step fuhction:
\/ L(x) — CJ for Xxe IJ
—=k j L

We get: |j(}<) = hG) = 1900 = 90| for yeT;

xe T, S € pecause |x-y|<§
In fotal: "S—Hl ”S j" + "j L,” < C ¢ []
—— ——— ~
o Uljm Mx)l)
—
<g¢
Theorem (see above): For 5—6 L fP\ C) : " f- J';(JC) ” 3 0

Proof: et € >0 , 56 le (fR,(E), Choose he SZW_PeV(fR,C> with ",S—L\"(E

wwwww

then: [ f-F ()| =] f+h-h -F(5) + F W) - T ()

(F=h) = F -+ b - T
Y e (part 12)

< |E-n)l< e
?y‘fhagorean theorem:

(HOET
I(F-h) - (5 h)ll + || (s- h)|| = ||(5- 14)|| f(F-m)-F(5-1)
. (5-h)

—> lim [ f-F (9l =0 O

IN




", The Bright Side of Mathematics - https://tbsom.de/s/f1

Fourier Transform - Part 14

5 -
GM; [£-3(l, — 0

}5 ¥ hot a pointwise conhvergence!

Na

~> We can get uniform convergence for special {-‘uhcﬂons

Example: continuous and ?piecewise C‘-{-‘uhcﬂon

5 g (f)

S >
-5 w - s
Supremum horm: ||§_||M = sup |§-(x)|
AR

W

= [Jslaeg (15 de = 25 sl

o

= s, < |5l



Theorem: S: R ——=> € 77 -periodic contihuous function,

Assume there are finitely many points (a\“au .y am)

inside the interval Ew,ﬂ such that:

gl[q.i'“dﬂ—_l (S C1 for all e {0111.“”"'5
he [ EGL TS 0/ FO - Hece,d
e X > 6>/ka

<a(:j> = %_EJ@JVMX
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Fourier Transform - Part 15

Theorem: S: R ——> (17 -periodic continuous function

and ?Piecewise C1 -function :

there are finitely many points (m,au oy 4w.>

W: inside the interval [_—'h’,’u”] such that: _.fl by C1

S ¢ “J'“JH_J
for all JCZ,O"I""’MB ) ao:: - Ay 4 =T

!

h—> oo

LLELE J?(JC) ——> £ uniformly.

0 | Xe io\,,o\“...,ahﬂ}

Proof: Consider the derivative function: ?(x)

\
/N §(7‘) , else
o———o K
/ ‘/\ N Piecewise continuous function
\i t/ L e \V//

\/ €' Elw-per(mld:>

prscts ety |1 = 35 e, 5
k=-00

What about the Fourier coefficients of § 1

l 'ﬁ-
-t.kX _ \
Ck‘<e-|u§> 1"'5\»(“/\5\,(1)0\)( (U\V‘ J;U\V o\x>
-T \V4 =N
W= 1_ e—lkx integration
-tk by parts
1 _Lk ~ 1 -
(O+c_k X;(x)o\x> :L_k<ckl§>
X'L_* 1
General inequality for real humbers: Xy < ALZ

2 z
af = LK, 7| = &+ Ke T



Weierstrass

M"TCST 0o
_> Z J(k uhiformly convergent fo a continuous function

N L\'.[-'h’,’ﬁ'__\ —>

Status quo: H;ﬂ(ac) ~hL TR0 | Hg(;) _f “L‘ i)

More estimates: H § - }\ ”Ll < H fg _Ja(.)()”l} T H‘EG) — L\ ”Ll

<<
. Rl FAGEN
—> (0 .
cohtihuous
functions
Hehce: H § — L\ ”Ll — :> § :lq
h—>
Conclusion: HJ?(JC) — } || H"o O (uniform convergence of the Fourier series)
> 0)

[
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A\ 4

R~ Parabola

. . . ' .
—> contihuous + piecewise (C -function

example:  §: R —>C  Z7-periodic with  §(x) = x'= 1" for xe[-7,7].

Let's caloulate the Fourier coefficients: C,:= <{e,, §f> = 1—~ y o tkx $(x) dx

-
[]

For k#0: Cy= .1—<ck, §\> (inftegration by parts, see part 15)

— ! jé::; L-x dx (ihTe?raTion by ParTs)
V) V%u:}_e—thlvﬁzz




k

Fourier series: Xl— T = 2 Cy efl(x = —%’ﬂ'l + Z n f_/:ﬁ_/
mTee k=—oe W\
xe [-7, 7] #0 cos(kx) + ¢sin(ky)
k
= 2 ()
— _lagty 2.2 ( cos(kx)
: RN
1t 4 k
For all xe[-7, %] :+ % - 5T = E F(”‘) COS(kX)</ uniform convergence!
k=1
0o (-I- K
In particular for X =0 : = —13—"(1' = kz; F(")
=1
Ca k
-4
= 35 =-ar
k=1
Parseval's idenftity: - 1 1 1 : N g ¢4
kZlel :“S”l} :E (X—'ﬂ') Ax = — W
1// 0o Z( )k 1
A
el > |2
k:—on k
k#0
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Fourier Transform - Part 17
§: R—>C lr-periodic Jﬁ(;) 3 £ (in &* -norm)
t _ - oo
sel, (R,C) —> Fo(5) =55 5 (pointwisely
continuous + Piecewise Cf-Func’fion h—> oo

Jﬁ(&) E— )C (uhiformly)

h—> oo

/&Z(JC)(O) —> ?

—\\/ Y >

Theorem: fe Il

Zw_pev(fR,dﬂ o oxe [-v, ] with:

5:()?_) = ||TT3 §(>? —El) exists | L!m JC(Q +}\)h— JE(X) exists
gg_:o h<0

JC(>?+) = !m 5:(;2 +£) exists , dm §(>’2+}\)h— J[(Q) oyists
€>0 e

then F(5)(1) ——— L (589 + 5(3) N

middle point




3.0 4

2.5 4

2.0

1.5 1

1.0

0.5 A

0.0 A

Example:

)

<>«>i '

"
‘\ xe |0, 'T')
A ? .
Fourier coefficients: C, := <ek,§> = :—TS _ka( —x> Ax
0
%
AR )_ .
E <_F((_1) 1 L k> / |<=}é0
Fourier series: h
m tkx & =Cr+C_
LX) = 4+ 2 PP
ki;z (,-(Ck— C—k>
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Fourier Transform - Part 18

Definition: The confinuous function D,: R —> R, he N given by

de/s/f1t

th(x) = Zelkx: 1+Z-i cos(kx) = Sm(WL‘)XB
k=1

k:_n part 1 part 1 S|h(—1£ X)
[
is called the Dirichlet kernel. Qirm zeros
n=13 for me £
ey 2w -periodic

10 A

For Fourier series: J——H(JC)(X) = kE Cy eikx _ i({y"e-iky 5()’) 0‘>/>_ 6>/ka

= k=-n u
1 "  ik(x- ) 1 "

- z—..j(y)k:Z_h@ ¢ dy = 7)) $0) Dufx-
=" -1 3

Properties: (1) D, has exactly Zn zeros inside the interval [—'nT,'h’

z sin(p+£)x)
Pl e—— e /\ ~ e __o—a e (4
== o= O =0 sin(£ x)




e sin(_x)
Proof of (3): |:D,,(X) — |Sih((n+.1;)x3| :
| |Sin(_1zx)| </ /‘ ’:‘r>
i 4
> |Sm((:< 1)X3| for all x>0
Y
Iy ! W r
Folae =2 [[o.a)be > 2. § Lol |
0 ; X
(m'z I 5
|sm(y) .
= 1 f y | ‘A)/ S Z-Jﬂ |sin(y)] Ay
. 0 p >/
|sin(y)| D ke

h k-
_ 1 . h
= ! Z_ﬂ_ j |Sm(>’)| O\y = oons?-21_
k=1 (k-1).1~ " I\
=1
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Fourier Transform - Part 14

Zw-pev(ml¢> J xe [-7, 7] with: /J\\/

1
Theorem: 56 I .
o

() e tim §(2oe) exsts, Jim £E#R) = )

ists
o AT
A
S(R7)= lim §(%+e) exists , lim SR - 3(%)
€>0 h>0 h

Then:  F, (§)(%) e 4—Z<§(>?+) + JC(Q‘D =: M

Proof: Dirichlet kernel: :Dh(x) — Sl:f:\{i_))();) gives Ji(ac)(?() = <®h, §(§—)>

n= 10 / and <®“ M> = M

/\ symmeTtry!
AN VAN N

T T T T T
—2 =L 0 1 2 B

Use symmeitry: <®“ §(>'2-)> — 21—1?‘ f SD,\(X) §(9<-X)0(X

- ;?(_jrwh(x) §(5‘<;>;§)0(X 20 §(?<—x>o*x>

0

0N~

= £ f'\:vh(y) iy + §2,6) 2o
= & J2.0) (st ien) dy



Pointwise limit: J’—(§) X) M= <Dh, JCX )> <Dn/ M>

=%f )’)( X+)’)+ X)’)>0(}/——5ID y)ZMo(y
- §(X>+§(X)
=L,ré- ( (5y) = 500 + §(3-) - 55D ) dy

+ ) o+ ) -
21_'1' fsm (0+4)Y) f3ey) - H& e )J[(X y) - §(5%) dy
Y K \y/ J
_ 4(y)
In the case that g€ ’_?'z,q_pey , We geft: L?r 5Mj(y) "(}’
([ & (Ee-ee)

hlj1> <e'h l§2> -

r’r8

(\ / (Be nequality)
1

]_Zw_p-efunc’fions
1
how that : A Ay AN g(4-
> g€ L“‘W j()’) _ Hx+y) - §(x*) N Hx-y) $(x7)
sin(%) sin(4)
0 , yelal

; ye(om)

Does j(y) exPlode for >,,,> ot ?

L — sin(‘?y) A | §(Rey) = 55
L = sin(4)
> n

L!:—g% .g(;é"‘}‘)k— 3:(9() _. C+
§(3-y) - §(%7)
Y

lim S(x+h) = F(%) _.

h<o h

because

and |

f(k-7) —5(%“)| _
sn(t) | ="

because




