The Bright Side of Mathematics

The following pages cover the whole Functional Analysis course of
the Bright Side of Mathematics. Please note that the creator lives
from generous supporters and would be very happy about a donation.
See more here: https://thsom.de/support

Have fun learning mathematics!
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(| Il o o s s "x”xH )
L—/'Y?/
=T
I T
= |7TIl = Sup Y‘ xe X, X0 sz—<oo
||><I|X 5

@) = ()¢ Lt (ol S X be comvergd i bimik K€ X, The,

|| T, - T =1 TOoe-2l, < il | ~Hl =500



Tl:\/\v\(_lf'lblr\a\l a\m\(ysis — Pa\rt /|('|'

Example: X =(C(0A, F), M), Y=(F, 1)
AeSine
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m =0 V\;\\/
i)
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k>0e

EXa\w\vy(e.s: (0\) (l‘RI Ac“l.) ) A: [:O, '1] warac'\' LY Bo(’éano—\n}c‘.grslrass Hneore_lm.
(L) (IR, A&iscr‘.) | A = I:OI 4] M’ Cohrac“' LE.CNAS&:
Tl\e_ J'a?uu\ce, (.X")hE.IN _C__A \J"I'L Xh:' -/\In’ Sa\‘('l'rjl'e..f
A&iscn(xh:xh7 = 4 5‘.”- aﬂ h,mC IN vith w#m,

:> ho Cohve_l‘(ja.ht SMLS'CTAC.MC.Q

?Fcposil’ioln: LQ,'I' (X, A) be « metric Srace and ACX Cowloac,‘l'.
T)\E_h A (S C(oSe(j aml LN\MA&A JTLerc iS an XQX @

and on £>0 Su\cL'

‘H\a 38()() > A




fl)(°°§: Le,'[,' A Q_ X Le_ Cowrac‘l'.

(4) Le.'(f (x“)helNgA Lc. COhV?_UCh{'. \..n‘.“» .L-h-..'l' ’>‘<’€X

'4 o»-ract

:> T)Iu‘e, is o CbhverJent SML5G7h€hce (X"K)keln Vi“ﬂ [iy...-t ”;ZCA

[A'MIL Unitue ~
::> 1 '5(’ = S‘(’ € A ::> A LS closu\
A Ls ho{' LO\AMACA

(1) Conbragosibion: s

:> (‘}'—or— J‘Vlln ac A ! -“no.re_ ore  X,€ A with A(Q, x“) 2 n.

—_:-> "Fot' any .SuL.Ce_a,u.ehc.e. (-x"".)kelN ond a\nY rnu'm'k Lbe A

h < o\(o\, Xn ) < A(o\, L) + AUJM»-Q

P

> - da, b)) < dlex)

:> OKQGIX“I&) kﬁ»‘@ 0 SDC 0\” kQ A => A Ino'}' Cowrac‘l'
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Ar%&{-R—ASCo(L 'Hne_are_pm

E xamgle : (aq (X, “,“) Nor med space vith ALm(X)< e (a\uay{ Bavach c,ma)

Agx : A Cbm?ac{' <:> A closed + LoumoleA
(L’) (lr(lN)/ n ”f> :-Yor re [/1, 00) (:&macln S‘race)
A - %XE Zf(m) \ I\X“? < 1} closed + bownded

€, = (4: 0,0,0, ) QA

€= (O, 1,0, 0, ) c A (’;“)%INg A nm

83 P (Ol 0111 OI ) c A neh‘ﬂnn‘, :{dM\f*“'”r = q?

@ ho Cohw.rou,.'l: .SIALS¢7IAU4C9.

Continnows Sunctions (c([o,ﬂ), 0.) NSl = surima\ \fe[o,ﬂ}

> gﬂ\ho‘cl\ Sfac.o_

“’"Tf\ (it
IR

§ LS cm\leA Uhl&orh(y continusus: (U\siu\j E:‘S_CLIA(‘AC{-LFCSG'{'I‘Oh)

Y 3 Y : It, -t )< §

€>0 $>0 t,t.elo,1]

= |§) -S| <e

A(_:C([O,ﬂ) LS cm“e_A Uh:§°rh(y Q?uu‘cw‘tihuous:

Y Y Yool -t)<$

= ) -S| <€
€>0 $§>0 t.,t.elo,1] SeA

7

Xy E_f’hi.Va\teu‘,'(y fhf ‘ &k{:{) - S(_{:J\ |{M_{t| —0 S O
e A



A So1 55,5,

Exomples: () A= § fe (o) | D5l s 1 T

° J‘I't 3 ':1 >
su(\ﬂf) fle)) > Hm $8)] fr k-t Y
S A N lis
/I (Sor = t)

:> A LS Di\-_ &'1IALCOM+|'hu°us-!

) { Se C(Lo4]) \ 5 Cah‘l‘ wo usly Aﬁ”‘“J‘ der 15N < 73

| St

W ,) -
sef 46

g)\ ' \%1" {1_\ __<_. ?— “74"{71.\

|'('-4-’€-,,|—>0

>O >A(.Suu..§,..ly

£7uc 'I'u ous

é— ?' lkq—tl\

co..\J be oy Cow‘ac*’ webrc sraCa
AV%&L A.S‘ CO 'l'lneorelm : —Fbr (C([Q'J{'T)’ ““m) Lnus .

Closed +
A < Louvmlul +
—_— C(I:O; 1]) Coyhfo\c{: <::> A Us |
let'-‘-yorml.)l C?H\'Con'}‘ uuuuu 5
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S"I'am‘ar:* horm

n /p.
COW‘pac{l Olpem'hr-f'- 1 ﬂ: E— |-F fjhur

::> T LS coh'l'ihuous /Lowale.o‘

= T[30] = F" lowded
:> T[31(0)—_‘ < H:Im Cmﬂﬂrﬂc.'e

However . T: LN — LF(N) , pele), closed wnit ball o L(N)
X —> X => I[&(oﬂ =331(o)‘Z not

Covv-Fo\c."'

iDe—gihCLLoh: L&t (X/ ””X) y (Y, Hlly) Lc two Ylorh.ed Sfa\c.e.s. A ‘bo“mo‘e.ol fn'vm.ai‘ orcmi‘or‘
T : X —> Y LS c_al(ﬂ-c* C—bweac“’ CS—
T[31(°)—J EY LS A Co\mFAc'I' Se,f.

Ewaf(g; IH{ZOFJ ,,r,_mlror T, : C([o,ﬂ) ——r ) Sor keC([o,ﬂ x[o,m
N

1 \dl.‘“i S\-rre.hum horm "“n

Sk t) S0

(4]

(TH)e)

\

_I'l:ac,t: |< LS Uhigorlmely C.Dht_('.lnuous ;
V 3 \V/ H (s.uh) - (5.1,,'&1,) “ <c§ => | k(s“m - k(.s;_,t_b\ <€
—_—

£€>0 5)0 (.sq.h)l(‘tltt)

—*l:or >0 P cInOose §>O SucL 'Hm{' . T'/ltr!.s-ore, &n— 51,5, € [O,'ﬂ \,/:U/. I.Sjl_sz|<5 .



1
of(k(s.,t) f®) - k(s 5({),,4&‘

< Yk, t) -kt |,ca| < el

(e]

(T - (1,56

—

Ai—': Tk [31(0)], \,Je_ \Mve,:
Y 3 ¥ Voo fs-n)<S = gl -glal<e

€>0 §>0  s,s5.e[0,4] 3eA
::> Tk [31(0)] LS uhi5orwe(y 61\A5cou£5huous

Bewsdidess. I 0 = supd I3, |- 1}

1

= Surigutpllgkst)ﬂ{ (MHHH\ = 1

o Shsl
< s«.r {g:upﬂ S\k s t)‘ |§(£)| dt “H\ 'g

< sug X\k(s,t)\o“c < [l

selo,i]

> :By Ar%e. Asc ( Tk [31(0)] LS Cowrac_t => Tk ColmracJ‘ oFermlor



t{:\unc_l"whml am\(ysi.s — Po‘rt 19

h

H'o'Ue.r\S i e.cjumli{?y (gor T ond \06 (4, m))
n L 0o older conyugqale
tor xe[F - 1 >pelts o) Holder conjugal

——

Tl/le_h'- HK}/“1 < \lX“P' ”)’“f\ gor a” X,)IG n:h

\ o
%unqS l'.lne.quafi.'l?y: D\’L > 0 => (l\'l) < '—f- + —
| 7

(V)
?rbos-'. 5’ X+ e,x ts Conve X 7\€- [D/{I V
5(3“(4 '))y) < A+ (-2 fly) N

)
a 0 P \\ Y
§(ﬂ°\’(ﬁ7 N loJ(L)) JK f) IJU’ ) %5-@0\’(;)) % (I{:’KLF ))
4 S 1f
ol . afl + ; b
(Froo} 05’ H?.'Hcr—\: (:hQ?w.L"*'y : 154: case . X=0 or Y =0 9 L
T — [yl B I . i/
Case : = X Y.l = '
“X“f,' ")’“P\ r \lX]IF- ”)’“P\ g=1 JYo % “XIIP ”)’“f\

.1

p " ni
< 1 \xo\ 1 |Yu| _
Z lIx u” < .



tFuncl‘iohA a\m\()/sis — ?art ZO

MLhkoU:I(f,‘s Lhe?ualil')l: A.— Lme‘lum[(ty 5‘”‘ “'u[) i [f&”\D
Ixeylly < liclly + iyl S ol xye LN, pe[4e)

froofs Forp= 1 [xeyl = 2olxeys] < lixt + lyl,
9=1 “—0r

s]xd‘ +‘ )’o\

Tor F€(’|,oo): HE(JU’ Cow(juJate F\e. (1,00) /l_ + % = /l

P

\

£
1

”“Y”; :Z\xﬂ}’alf = Aim Z\X-n{ir = (%)
NE

h—>00 )4
l X1+ 1y
-1 -
(9 (I%)+ \yd\) = (Ixl+1y1) (Ixgl + \m 1x\(|x +\yu +\x,\(|x\ \YOD
a-k/\f\/ <
0 d ~>abcel”

Hilder: [labll, < Yall,- N4l

(2‘(*‘”%3 > < (%31 +1y51) >i

1
Grk) Z(lx +\>1,D Jallp ety + Nl M6l (lau + Ilcll> < |><| *ly;! §>

< (%1 + '%'ﬂ = 4—

| <[>0 \f’) )

o> Ixeyll, < lIxil+ Ty,



T{—‘U\V\(_Jf'loho\l am\(y:is _ fa\rt 7/

”O\MOIMOFFLL.S'VVI : V\nqr ‘Hm{: Pre,servcs S*rhcthres

EXNMPIL: (q) l_e_-[; X,Y Le V&C'lor Sro‘c¢s av\o\ 5>(,_>Y be a lMa\F.

X S- R/) = 4\ X
L N ]/ Y ) = 250 E Lo
'$(x) _S.(x X)) = %) + £(«)

X

hOvnowor‘)\nt‘.sm = ,ll'-he_ar !ma?

B Lt (XA, (1 dy) b b webric spaces and §:X>Y be @ ap.

X ; :
‘m B A (5600, 50) £ dy(x®)
*§0)

hmnow-or?‘nis!m = wap Hat Sahf‘giu ()F)

(:Sovnori)l\i,svn = L)OIMDIMDFPLI'.SVY: + Li\)e_c{'.f,ve, + Lhverse hna\r S al..sb L)ovnomorf\ni.s\m

I.Sbhnorgl'\ism 50!‘ EAMQGLI SFJ\CQ_S' X/YI

5: X—=>Y b f/\'m_ar + L:de.cl’ive. + H&(x) HY = "X”X
(oéfe_n called ¢sometric iSomol‘fL(’.SW)

M (&) JR: /f'(nﬂ N [F(IN) , (X1,><z:x3:---) > (0, %0 Xy, )

=> ln'hd.o.r‘, HS-RX “P = nx“f Vlb+ Shl'o'ec ive :> ho+ an

\
I.Soh-orrlu'svn

(L) S : /((Z) —> /f(z) , (..,,)(_1, Xor Xy XL,...) I%(, Xa1 Xy, Xo 1 Xy ,3

wdex e 4 O 4 L e hdex . <4 O 4 L -

= fuwee, IS xlly = (Ixll, and bijective 2> issmacphicm
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g@uﬂk FFO\C&S: X normed Sf)o.c.e,

/T\'\'\_\\
horwn e_A Srace,

X“:Q['-X%F ‘ J4 [imear+l)o\mAe.A§

V\_J

X

(R&Cmu 'HM— 'Rie-s?: r&fm5¢n+a'\‘ioh ‘Hﬂeore.vn: X H{lgﬁrt Srace,_ Tl"eln: X

/Yro'po.fi,ti.oh: Le,f X Lc d\lﬂorme}\ Srace,. Tl'\e,h (x"“'HXéIF\ LS o B(Ahac‘n Jra\ce_.

frof: Lot (L), € X be o Cancly sequence:

Ye>0 dNeN Vom=N : I £, L.l
Z
lIx “MKQ [(X)\ gof XeX, X+ 0.

:_—_> (IK(X)>keIN < n: Ls Cauc.LY Jealhe.hce_ ’_-gor Al XG.X.
— [(ﬂ:: k[:;:o fk(ﬂ / 1'- X —> ﬂ'_'

XoF

Shov: (1) [ is foerr ¥
(7_) [ (S EO“ Jeo\ \/
) -0, > /

—Rr—(’z-)‘- “zh \IX—>|F < “ lh_ [N”x_)“:'l— H [N “ é C + & &or all h=N

X->F
= VI
10 = [ 6] = Lo \10] < i L Il lel
> M, =& < oo Tse

X>F —

_R"(s): ?or ¢>0 c.LoSe. NGIN Such 'Hn'l' 50[‘ a.” In,anN'-

Ao -Ll<e
IR
o T n\“ﬂ 1”““"7\<£ = | 4-4Ll,, <€

x#0

Xl I
=
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wual .S‘Foxc.e. i X ho(_lme(A S‘Face
' S

;<‘=:£[:X%IF ‘ / /imr+LOMAeJ}

Example: X ff(N) o pelt, oo)

) \
X & Ir (IN) \lLe_re, F\G (1,00) HZSlJcr CD“\).“\?“‘I'Q’ (4? +% - 1>

{’,Lcre, LS Oh Lsovne_J(ric isovv-orrLiswa
T: ' ——(4f(N))
(TK)(Y) 1= Z' X Vi or X+ <K, .>[L(IN)
To SL"Wi (1) —l— LS \JCI.L‘J\L_SCHQOK \/ (_"f-) T 5urJe_chve_
(7_) T— LS ﬂihu.r \/ (,S.) HTAH =\|XH fu‘ ,,Jl XG-IF‘UN>
(_37 T is bownded ‘/ (iSO»-el'.rLc7
HSUer
7 " ‘
frood: (N 1@ < Lo Zalyenl <Ayl Ixly < oo

= TX (s .L'MUM‘ aw-A Lou\mlaol \—pu- W([ )(QIV\('N)
(Z) T is .Line_ar.

O 1l = o LTl | a= 18 <,

< Ilyll,- Il



T [f() %(f"(m)‘

= HT“ < 1 kth fos‘,hw
((F) Let )/\G_ ([“N))I and e, = ( 0,0,..0, 1{ 0, L)

:DC-S"""C" Xei= y\ (CK) and X := (Xkykem
QU\&S‘I‘ioh: X€E lr\(lN) and Tx =)’\ Z

Xk

r\
T
h \ h //
k=1 k=1

= Z} {k.y‘(e_k) — V\ (kil t, ek>

—_— ({:1,‘[71, ceey 'l:“lo

/-h\,\: /01"')

% :
i “)’ ”l'(lu)—>|F

Lhe|

k=1

1
h . P
= \ X P)
Ilylll,(m_)F(Zl J
h—o00

= |xl, <yl = e 'Y

Lf(N—=>F

tor ye ZFQN) ! (TX - )’\) (y> = (TX B y\) ( s k:4 ykek\>

. iy :
(T)0 = 50w ="l (M- ) (Sane)

(.inf_:d)ry f_ilm ZhkaI—X _ y\)(ek) — O Sv\rJecJ'fve\/

n->00 k=1

(g> " TX ”FUN)-NF i “x"r\ é_ “)I\HU(IN)——NF = “Tx ”["(N)_NF LS‘avne,'tr)/ ‘/
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Unitorm boundedness principle
(Banach-Steinhaus theorem)

X,Y normed spaces, X Banach space .

E(X,Y) ::iT: X—=>Y \ T linear + bounded }

Theorem: For every subset M < B(X,Y) holds :

\M, Ls l)ovmo(zA Fofh‘l'\afl'é'& on X <:> \H, LS MMESormc(y LO\AMJGJ
More concretely: Y 4 Y HTxHYé C, &= 3 Y

ITil,,, <C
XeX G20 TelM c20 Tell

Proposition: X,Y normed spaces, X Banach space .

Let TeB(X,Y) S sl neN with  fmTox exehs for ol xeX

h>o00

Then: T; X%Y Acsiheri L)/ Tx ;—_,—_ﬂiw,_l-;x LS zinemr amo\ LounJeJ.

h=>0o

Banach—Steinhaus

Proof: \H,::: iT,,\helN} is bounded f"i”hi“ on x :> Theee is a C20
vith [T I <C Sor oll n

= 17l = s Il [ Iy 15 <
o Toxlly = bin I Toxlly, < C

h-> 00
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Hahn-Banach ‘H’IGOYGYY\ (X, ““X> normed space ~—> (X\, \HIX‘>

Uc X subspace, . U— F  continuous linear functional

Then: There exists X . X_>|F continuous linear functional
with X‘(u\: N for all ue U,

Ixllg = ftly,

Applications : (X, “'“x) normed space

(0) For all xeX, x#0, there is an x‘e)(\ with |\x‘l|x\ =1 and X'(x) :|\x|\x_

Proof: 7Define . W —TFF X

continuous

AR —> '/\“X“x linear functional /' \\u
X

Hahn—Banach

= X: X—F wh X = w (O=lxlly
| IRl =1y = 4
(v) X separates the points of X i For X% € K, X # Xy
there is an x'e X' with x'(X,) # X' (X,)
. (@)
Proot: Xi= x,- x, = ,xm =lIxl, #0 = xYx) # %' (x,)
X\(X'I) - x\(xﬂ

) Forall xe X: Ml = supdiRbal | Re X, 1el-4)

]

Proot : \ \
el = XWL o 4o, Il > sup X%
' I=lix llx‘l\f=4 . le‘l\r=1 Il
= HX“X = Sur \x‘(x)l
Us (). Xl =1
lixlly < Suf X0 y

(d) Let WEC X be a closed subspace, Xe X with x¢ W.

\
Then there exists Xe X with X\lu =0 and X(x)+0.

Prooft : X/U = i\:{] \%ex’g , [FEli=dz+u \meuqs
"[ﬂ“x/u:: C"S:”%*U”x N> <X/u , “.”x/u) normed space

YAV

(o) \
=> There is a y‘e_(x/u) with y‘([x'ﬂ + 0.

Define x‘e)(\ LY x\(%7==}’\([ﬂ) for zekX.
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Open mapping theorem (Banach—Schauder theorem)

wWhat is an open map? Let (X/Ax) , (Y, JY) be two metric spaces.

@ /,_f\ S X—=Y s called open if

AQX open in X=> g[_/ﬂ < Y open in Y

-1
General example: 1If £: X —>Y is bijective and $ Y= X is continuous, then:

EX%Y iIs an open map @ m
. =1 v ! ~~
Continuity of § : AgX open in X =>(§>[A/]Q Yopew inY ‘.g"
N
§{A)

Examples: €)) 53-. R—=>R , X x> open

(b) £ R=>R , x+—>x* not open A:(—Z,Z) ~> :S?[A] —‘—[O,‘t)

Open Mapping Theorem: Let X,Y be Banach spaces. For Te ZB(X,Y) holds :

T surjective <:> T open map
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Bounded inverse theorem: x, Y Banach spaces, | € 3(X,Y).

Then: Tbijeo’rive = T-1€ 3(\(,)() (It's continuous)

Proof: T bijective = T open map = ‘1:'I continuous O

open mapping theorem

Coun’fevexamp\e: x — (C([O.ﬂ) ; ”“00) I Y - ({Se C4([0,1])| 5(0)___075 / “ "m> ~— not complete
t

(T‘:g‘)({?) = Xﬂs)o\s linear and bounded and bijective

t
TSI = e [fs@4] <usie = aTi,,, <1

Take 5, (4) = sin(kt) 1m <
(T;k)(ﬂ = %(1 - Co:(kf)) \J@ >
—Y — }

I (e ..';k
l 1 !k .__> “ ..I_-1 “ y > Jk | “oo > k k >00>

-4 .
=> T not continuous S%
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Spectrum for bounded linear operators

hxhn
Recall: AG([: matrix with n rows and n columns,

Ae C is called an eigenvalue of A if.
Ixe C\jo¥ : Ax=Ax

& IxeC\joy : (A-AT)x =0
<:> Ker(A"AI) TFZ(_O} <—_—> map XF—>(A"?\I>X not injective

. . mxn ,
Rank—nullity theorem:  For any matrix M cC .

(Ji.lm(RQh(M)) + Aim(ker(M)} = bh

Now: Let X be a complex Banach space and T : X —> X be a bounded linear operator,

Definition:  The spectrum of T is defined by: (T(T) = £7\€ C (T._ 7\I> not bijecﬁve}

The resolvent set of T is defined by: f&T) 1= {?\Q C (T — 7\I> bijective
-4
and (T - 7\I> bounded }

bounded inverse theorem

— 7(T) = C\ p\T)

We have the disjoint union: ()’(T) — (7*()(‘1‘) U OZ (—r) U O,/_ (—l——)

point 0;(1") ‘= {7\6. C (T _ ?\I> not injeo’five}

spectrum

spectrum

continuous 0;(’]“) = {7\6 (]: (T —_ ?\I> injective but not surjective with (Ro\h (_I—"7\]:> = X }

residual 0;(’1") = Xle C ‘(T — 7\I> injective but not surjective with (Rﬂ\\ﬂ(_l_-—?\.'i) # X }

spectrum
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Let X be a complex Banach space and
T: X—> X be a bounded linear operator.

A€ U(T) <:> (T - 7\> not invertible

M X, Ayx,
Finite—dimensional example: X —= (L‘” : Tx = ( 2, > x1> :< : >
'>‘n xv. 7\,,.,)(,,
= _ _ o\ (1 °
_> G(T> B i?\ﬂt (A'L: :(/\h'§ - %(T> (Z>:<2>, ,<0>
1

are eigenvectors

Infinite—dimensional example: X = [(’("\O ) f€U: 00)

24 X1 ?\1)(4
TX = ( 7\1_ > X1> = 7\1)‘1>

Formally: For ’)\h'/\“,,_(-;q: with "WNF‘?\J‘< 0o, define: T : Z((IN) —> Z(QN)
(TX?) =

o e, = (4,0, 0,.--) is an eigenvector with eigenvalue A,

o &, = (0,4, 0,..) is an eigenvector with eigenvalue A,

= (1) D {’/\,,7\1,...75 = G (T)



P
>

(S 3)
Let /Ae.(]: be a number with /u\ ¢ {'/\1,7\1,,..r§ but /V\ < {r/\,,'?\l,...z ) then =
=> T—/“ is injective

Show: 1 — P s not surjective vounded inverse
theore

m -4
Proof: Assume T—/« is surjective => T—/« is bijective => (T—/A) bounded

- - g \
> A1 = 1G-Pel, = 1], =16
1 for a subsequence

. n
%=1

Result: V(T) - {’/\“7\1’,,,} U {/\,«e@ ‘/m@é {'/\,,7\1,...,%/\/\/\61 {'/\.,7\1,..@3

M \//_\/'\/
7e (T) G (T) ke el

S
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UU—) = {_7\6“ C (T B 7\> et mve”ib\e} ‘];o;zed—im:a(r operator

j’k—r) 1= {7\6 C (T— 7\> invertible }

LSS p(T)
/

Proposition: (a) ,fh—) is an open set

G(T) is a closed set ///

§

75
(b) re p\T) - H (T - 7\> H a\ist( \

A,0(T))

(c)
c The map fk—r) —> $(X) > Locally, it can .be expressed

S as a Taylor series,

A — (T—- 7\31 is analytical;

Proof: Choose '/\oéftl—) and set C o —_ _2_:_
Let's take any 7\€<]: with ‘7\—7\ < .
(A-A)(T-A) )

Calculate: T - A :(T——?\A A - 7\) (T r\)(
MV\J
S
Isll<e-C =1

Neumann series: (I -~ 57 with “SH< 1 is invertible because

(I_s)-kZSK = (x-5"") A N (1—531 = isk
g k=0

= T-A isinvertible =—> Ac fKT) B fKT) is open (a)/
Mo (T-2)'= (T-5)(T-A) = 25" (T-2) o
= S-AJT-A)-(T-A) = Z(T—/\,S(k*f)(x-m'“

Now for A e ((T) ;> I2-2=z2¢c => |z1-a,,|éd — \
1 _ v

(b)

Aist(2,,0(T))  tnf [2-2,]

Ao
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Spectral radius: >< complex Banach space T! >< —> X

bounded linear operator
N

r(T) 1= GU\F |A|
Ae G
>

- 0(T)

Theorem: >< complex Banach space T >< —> X bounded linear operator .

Then: (a) O’(T) < (  is compact
) X#jt = (¢(T) # ¢

@) (T) = swplal = fon [T = inf [T < ITI < oo
7\60’@) k> 00 ke N

1 e
Proof: For 7\€<]: with |7\| >||T|| : (]__ - % — z (l>k

o R e e o

= 6“{'7" T = ¢(T) is bounded

Ae G



For (b):  Assume U(T) =@ => f&T) = C

Reminder:  The map ‘fk—r) — $(X)

A > (T—- 7\31 is analytic,
Take any Le $(X)‘ §£: (]: %(]:
A (T-A)

analytic function (holomorphic function)
We get that ‘-Fﬁ is a bounded entire function,

(> For |7\|ZZ|T” (T’”:JTE,(%
ST < eI -51 < nen & S5
m 27
| 2] <1 =1
5: _— 2lTh
[

Liouville's theorem

Hahn—Banach Theorem

N [(T—z> =0 foral /€ [B(X)
X

= T =0 =

(part 25)
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/N
() T:X—X

g bounded linear operator

@®

() £ 7

For normal operators: F(T) = “T”

—Kx

Definition: Let X be a Hilbert space and | X —> X a bounded linear operator,

is a complex Hilbert space

The bounded linear operator T*: X—> X defined by

<y, Tx > = <T*y, x> for all X ye X

is called the adjoint operator of T .

Definition: Let X be a Hilbert space and | ° X —> X a bounded linear operator,

T is called (1) self—adjoint if T*:‘T
(2) skew—adjoint if T*_—_— - T

(3) normal if T*T = TT*

Proposition: |  normal = F(T> = ”T”



Functional analysis — part 33

Compact operator: (X, ““X) / (Y'””Y) normed spaces.

T: X—= Y vounded linear operator is called compact if

T[:& (0)__‘ is compacT,

nXhn n h
Example: matrix AQG: (\imeav operator  —> ;. X Ax>
L> compact

We know: U’(A) = im A, ,...,'Ak'k finite, non—empty set

ker(A—'/\d) eigenspaces  (finife—dimensional)

Proposition: (X, ”“X) Banach space |, T: X=X compact operator, Then:

(a) U’(T) counfable set  (finite is possible)
dim(X)= 00 = 0e ¢(T)
T(T\10} could be empty or fnite.
s TONOY = {0, ..} < it pot

(d) Each 7\6: V‘(T)\i()g is an eigenvalue of T ({AC U}(T))

with dim (l er(T—- 7\\) < co



Example: _ [L N e
X ( ) / T)( = (de e Hilbert cube

Ty
‘I_I:&(@] = {Ye /HIN) ‘ |X,| < 1? for all \)} compact set

:> T is a compact operator

1
1
1

1
T - !

1
q’ T .
Te_k - %e_k (eiqemveo’for) dim (ker'(_r—%\> =1

T(T) = {%,%E v ioz
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Spectral theorem of compact operators

Let X be a complex Hilbert space and T: X—=> X be a compact operator,

Assume that [ is self—adjoint (T*: T) or normal (T*T = TT*) )

Then there is an orthonormal system i&"‘

L€ I} with 1T < IN
and a sequence (7\5\)&1 in C\{O% with  A; 2200 (hc L imﬁmﬁe)

such that:

X = Ker(T) @ Span(e,|icl)
\ov’fhogovxa\ sum: X = M@LV means:

for each X€x there is u(—‘,u ; VE V:

© X = UtV T/

ULy unigue!

and TX = Z')\ke‘k<e‘klx> for xe X
keT ’\ .
& eigenvector to 7\k

eigenvalue

and “T” = SU‘D | ?\kl .



