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Fundamental Theorem of Calculus

Theorem: 1f (. [a,b] —> R is continuously differentiable,

b
then: ( O) dx = $(1) — £()

Lebesgue in’regral
7
Riemann in’fegrai

b
Remark: fﬁ(x) dx can exist even if ?(x) is hot defined for every Xe [a,b] .
(1§
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First requirement: 5:(><) exists almost everywhere!

L> ixe [a\,l;] | Q(x) does hot exiST}

has Lebesgue measure 0

Exam?ple: A
’ (o s xelo1)
o — ;(X) B 51 , xe[1,2]
A 1
gy(x) =0 for X # 1
b
[P dx = 0 # 1=51) - £
Example: N Cantor function:

‘_,_/—"r,_@/ o contihuous function
)
_,_/—'JJ . g (X) = 0 almost everywhere
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Extension of the Fundamental Theorem of Calculus:

Let §:[a,b] —> R be continuous and piecewise contfinuously differentiable,

which meahs there are & =:0,< 0,< &, < A< +° K G4 < Qpyq = b

such that §|[ is continuously differentiable for each je {0,1,.__,\»,} .
(s )

Jlad+1_1

b

them {060 dx = $(1) — §(o)

o

Proof: b A5+4 ™

JEe =55 S0 ax - % (S 5(9)

original fundamental

theorem of calculus — ‘S,(L) — &(0\3 []

Maximal extension of the Fundamental Theorem of Calculus:

For $:[a,b] —> fR, we have the equivalence:
f?(X) Ax — }(C) — ‘;(0\3 for every cCé€ [o\,l,]

<_> JC is anh absolutely continuous function




