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Manitolds — Part 4

/\
generalised surfaces? ,\"\,
-
/\ /
1
S

How to calculate on them?

V
topologu differentiable differential torms
manitolds At j&w

—> (generalised) Stokes's Theorem

Metric space: x/ 4
ef(f Q

distance function

open €-ball B (x) X

r>> define open sets AC X
Definition:  Let X be a sef, /P(X) be the power set,

and T C /l)()o be a collection of subsets.

1f T satisfes: (1) ¢, ><€ T
(2) A Be T :> An:BQT
(3) (AL}M with Abe T = Jh e T

el

then ) is called a topology on >< )

The elements of ] are called open sels,

Examples: (a) T = §_¢/ ><} is a topology on >< (indiscrete topology)

(b) T = P(X> is a Topology on >< (discrete topology)
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T C /F(X) tfopology on X o () ¢/ ><€ T
2) ABeT = AabeT
(3) (AJLGI with A,e T
= UheT

el

(X,T) is called a fopological space.

Important names: (X/T) topological space -.Sg >< / PQ X

U
: . , There is an open set M(—:T
(a) P interior point of S = Fe L oo Ue S @ g
U
(b) P exferior point of 5 <$ There is an open set MC—:T; @
PQ. M and M - X\S X

For all open sets MGT with FG, A: W

(c) boundary point of .S <= : ,
F ‘v unS;«éggand uﬁ(X\S)?é¢ X

(Ol) P accumulation POiV\'\' of S ‘<$ For all open sefs M(—:T with FQ u:

\A\iFSnS 75¢ @ X

More names: (a) SO - ?_FQX | P inferior point of 5} interior of S

(b) Ext<5) = iPQX | P exterior point of 5} exterior of S

(c) gS e {FQX | F boundary point of S} boundary of S

(d) 5):: {FQX | P accumulation point of S} derived set of S

(e) S = SUQS closure of S




Example: X:[R, T = £¢,ﬂ{} Q) 5’(0\,00) | QQR}

5 _ (O ,1) &~ ot an open sef:
= Y
V\

no inferior points: fhere is no ¢#M€T with W S
= S$°= ¢
X\S = (—00,0:|u[1,00) = EXt(S) — (1,00>

= 5 =, 1] = S=(w1
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(X | T) topological space

Convergence: (0‘“>he|N | O\héx

converges To O\ E X

In a melric space: The sequence members lie in
’ each € =ball around o, eventually,

For each €—ball :BA‘Q' there is NG_N such that
for all n=N a,e B ()

In a topological space:
. open neighbourhood of A

an open set \€J with
ae U

Definition: (X,T) Topological space | (O‘h>h€N seguence in X .

h—>00

a, —> a <:> For each MGT with ae W, there is NQN

such that for all W= N : o e u
h

Example: X:Rl T:igﬁ,ﬂ{}\) 5_“,,00)‘ L e ﬂ{%
(0‘“>he|\\l = (171)“6,,4

¢ converges to (O : each open neighbournood of O looks like

U"’ 00) for L<O, ek 1_V1€ (L, 00)

¢ converges o -/: each open neighbourhood of —/ looks like
(L, 00) for L<-1, SO: %Q_ (L, 00)

¢ converges to —7



Definition: A topological space (X,T) is called a Hausdorff space if

for all X,Y€ >< with X#)/ there is an open neighbourhood of X: ux T
and there is an open neighbourhood of)l: uyeT

8 @ with: Mx N uy — §Z§
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n+i
Projective space: PM(R) = set of 1=dimensional subspaces of [R

N RN
the directions

= define a set
+ fopology?

Quotient topology: (X,T) fopological space, /v eguivalence relation on X

G veflexive  x~x
symmetric X~y = y~X
Transifive X~y a yrt S Kt

equivalence class of X [X] = {yG‘X ‘ Y~ }
X/N ::z[x],v ‘ X€ X} guotient set

ﬂ: >< —> X/N , XH> [X_]N canonical projection
x' ﬂ-‘l[u] ] ' open?
-1
ﬂ [u] = X open <:>' U_Q X/N open
fWleT & ueT

AN
This defines a topology T on X/N, called the gquotient topologu.

| /—G\\A U

c \
\ J

AL

Mébius strip

e Bl T

eguivalence relation: (0,5) ~ (1,—57
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JAN
(X,T) fopological space ~~> <></NI ’J’) guotient space

n+4
Projective space: Fh(ﬂ{) — set of 1=dimensional subspaces of R

\ 51

sk A
\J/

el = 1§

N Euclidean norm

Sh . {xe (Rm

N

-

Let's define: X~y = (X:)/ or X=-)’> /

P“([RB = S‘%\, with guotient topology

Is P"'([R) a Hausdorff space? C? 0

Take [x]N,[ﬂNePh(m with  [x] # [Y]N => X#Y and Xf-y

>~

Take open neighbourhoods ]
h [,

U,\/ - S of % and >/ , respectively, /

with un\/=¢ ,—Ur\\/‘—‘ﬁg \:ﬂm\/
"U”‘V:@// Ur\—\/zgf

equivalence relation: X~ =X

\4




A v v
Look at: A= Ol[u__\ ; ﬂi S —= S/N canonical projection

P =uveme” = heT

open R. open

(’fhe same for \/} ' = q[\/]y
e it 4| 0aV] = 400 0 STV =(00e0) 0 (Vo) = ¢

‘1 surjective A A

= WV =¢g
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(X | T) topological space: generate the topology T

Definition: Let (X,T) be a fopological space. A collection of open subsets

QEQT is called a basis (base) of ] if:
for all U€T there is (A‘-)“T with ALQ Q%
and UAL = [\

el

Examples:  (a) Q% — T is always a basis,
(b) 1f T s discrete topology on X, Then CE :iix’i ‘ xe X:%
is a basis of /T

(c) Let (X,T) be the topological space induced by a metric space (X/a\>

B = {BE(O ‘ xeX e>0} is a basis of ] |

(d) " . .
ﬂ{ with standard topology (defined by Euclidean metric)

p B = {Be@ ‘ e @h, E;e@,w(%is a basis of ] .

only countably many elements

Definitfion: A fopological space (X,T) is called second—countable if

there is a countable basis of T
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A A A
5x) {'i\/ §(x) W \ ,\/
_ e

N IR /
- -~

A —>
S-meiqhb‘o\whood . R 5?1/[“]
€ -§ —definition sequence definition general definition

7)) 5 (%)
Definition: (X,,I;J | (Y IITY) topological spaces, (X i

1 =
3:3 X — Y is called continuous if @
lew = $Tule T .

-1
homeomorphism = 3:: X —> Y bijective, continuous and §Y9 X continuous

Examples: (a) (

Y IITY) — indiscrete topological space => S: X% Y continuous

(b)
(XIIJ;J = discrete topological space => 5:1 Xe Y continuous

(c) A
(X,/J;J with equivalence relation ~ <></N ,T) guotient space

ﬂ: X —> X/N , AF> [X]N canonical projection

is continuous




Definition: (X,/J:J, (Y I,TY) topological spaces.
§: x Y is called sequentially continuous if for all X¢€ x :

O g (v, %)

(Xn)hew < X with X, 28 x
= " I

(g(xn))hew _C_Y convergent with 5(&) 3;@0

FacTt:

g: X — Y continuous <:> 53 X —> Y sequentially continuous
7\& in mefric spaces

second—countable spaces
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[:U\,Q - R compact (Bolzano—Weierstrass and Heine—Borel)

(X,T) cover with open sets

do finitely many suffice?

Definition:  Let (X,T) be a topological space and A - >< .

A is called compact if

Uul =2 A with ULET '::> there is a finite IOQI with: UUL 2 A

eT LeT,

h .
We know: A - Rj‘ compact <‘:> A closed and bounded Heme—Bove\>

theorem
with standard topology

Proposition:  Let (XIT) be a Hausdorff space. Then:

~ N X\ A open
A — >< compact =5 A closed (X\ A c ,J,>



Proof:

' Assume A is compact .
b
@ Fix L€ X\ A .

Ua Vo
For any Q€ A, there are UA,\/qe’J’

with ael, , beV, and Ugn :Sz{

A - U W (open cover)

acA *
A C 0 W\ (finite subcover)
=1 N Vo, Vo,
:> \/ S ﬂ va_ open neighbourhood of A @
g=1
with Aﬂ\/g Uk)\o\.ﬂmva- :¢
=1 9 g=1

::> L is an interior point of X\A :> A closed
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Definition: N —dimensional (topological) manifold:

tfopological space (XI’T) with: (1) Hausdorff space

(2) second—countable

(3) locally Euclidean of dimension n

n
m N [R with standard topology

homeomorphic?
locally: lX

homeomorphism

h: =

(6, 7)

Definition: (XIT) is called locally Euclidean of dimension n if;

For all xe X there is an open neighbourhood UeT and

\ \ n
a homeomorphism L\i A — U with \AQ_R open,

The map k: J =N l/\\ is called a chart of (X/T)

s
ﬁ overlap \/k
w: ¥ — )

\ . )
T ]\\A MT [ v differentiable?
= W I

V
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(1) Hausdorff space

(M T) (2) second=countable
/

[b<
T u‘\ chart (lk,m

\
~

(3) locally Euclidean of dimension n

Definition: A collection of charts (ui'L‘F)LeI is called an atlas if: U ML: M
e L

Example: (a) (MI’J') discrete topological space with countably many points

kl\z@ cons ~>> () - dimensional manifold
®
/wiﬂr\ standard TOPO\OQ%/_\I

(b) Mc rR open subset | (MIT)
a®! mensional mar
\\n/ ~>> N - dimensional manifold

RT@

(c) SLQ[RZI Sl:: gxelkg‘ "X%:1 g u :—

Euclidean norm
. . . \/
) - dimensional manifold

hy: (’@H( ; QY ek [ 1i< ]
C 1=

<U-Lli, hi'i)iﬁit'lﬂk is an aflas.,
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IxIl = 1} ixa ﬁ{m +X. > 0}

is an N —dimensional manifold with atlas L+, \“L, ) Th e tl
Le ah+1

s" gxe R

Projective space: P (R} = S/\, with quotient topology

n=1 N equivalence relation: X~y :&> (X=)’ or X:—)/>

u D Ku1'+
1,- S ﬂ S —> S/N canonical projection

X > [x]
o= (e PO [ xeof , 4TV] = o,

\%> open
1
for nh=1": k \/ Q / k [X__\> slope
\
with inverse — /V}&
\l1+(X,) 7
k'l, works similarly _ | =dimensional manifold

for helN: L\ v \/ C[R —xx‘—
([x—_\ ) ?1 homeomorphism

X
X

Xi.

:> h —dimensional manifold
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Smooth structures

k
C —diffeomorphism

. . ﬁ overlap Xk
|R —> |R |R"' [Rn

R | e T
> W

)

\

k
C —diffeomorphism :  « ) is K —times continuously differentiable } Ue Ck( )
artial derivatives u o e - order exist and are conTinuous
1\63._0,1,---?5 (partial derivat p to the K—1th ord t and ¥ )
or k=00 ¢ (U is bijective

J'e Ck(ﬂ)

k
Definition: » Two charts }),k are called (C - smoothly compativle if

k
the transition map is a C ~diffeomorphism.,

k
e An atlas Z(ui"t")i,el'} is called a C —atlas if

3
any Two charts are C - smoothly compativle.

k
o A maximal C —atlas \A’ is: (1) \A’ is a Ck—aﬂas

k
(2) For any other C -atlas ;B ,

we have 3 %é \A,

" k
Definition: N =dimensional C —smooth manifold:

v N —dimensional (topological) manifold

_ k k
¢ maximal C —atlas (C ~smooth s’(vuc’fure)
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Examples for smooth manifolds:

n h+1
(a) S <R is a smooth manifold,

We show that <ui.,:t/ \ni’i)z'.e{1 113 is C°°_a’r\as:
yeey N4

tx;>0}

e

e X h. X)

X\ L+ Jit 1 0o . .
> X! —> — C —diffeomorphism

h G -

~2>  extend to a maximal Cm—a’f\as ~—> Cm—smoo’rh manifold



(b) h
[R is a smooth manifold

k> atlas given by one chart (Rh oo\> ~—>> extend to a maximal C —atlas

!

(standard smooth structure for th

(c) Consider .JCQC%“{) A /65 = [(X,J:(x)) | X€ R}

A\/\/ < RxR

N
7~

G} s a 1—dimensional manifold with one chart: h: Gy —> R
(%, £()) > X

~~>> extend to a smooth structure
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u

¥

submanifold

M\

Definition:  Let M be an h—dimensional (smooth) manifold.
M, S M is called a k —dimensional submanifold of M if

for all ')e Mo There is a chav’f(u,h) of M with

h{ M, AUl :<(Rk>‘£> ol a
hcros h
>

h[Ma n U]
>

(U,h) is called a submanifold chart for M, .

Note: Mo is also a manifold:
(U,h) submanifold chart ~~>> (H,’E) chart , ,l\A/": hn M,
~ ® k
l'\ given by Fl—> L(f) = <> —> (2)6 IR

0
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h
Regular value theorem in R = preimage theorem = submersion theorem

J(: Rh —> th smooth

i

A

preimage = smooth submanifold?

Definition: J(: h— ﬂ{m ; UQR open C'- function,

(1) xell s called a critical point of § if

d}x is not surjective (or Jj-_(x) has rank less than m)

(2) ce ;[U,] is called a regular value of 5 if

5:_1[{83] does not contain any critical points,

Theorem: h 00
5-: u%mm ) UC_Z(R open , C - function, (WEVH>
1f C is a regular value of § | then
-1 h
§ [iC}] is an (h—hn) —dimensional submanifold of [R .
Proof: Use implicite function theorem,
Example:

5': [Rh — ﬂ{ / g(x,,...,xh) = X:'+x:+-~-+ )(1,'I
J5(x4,...,xh) = (ZX1 sz th)

=> x=0 s the only critical point.

Hence: 1 is a regular value,

:—> ;1[{,1}] = Sh_1 submanifold of Rh.
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Smooth maps:

M N
overlap overlap
Use the smooth L ]1‘ k ’I‘('
structures:
vV \/ V/ \/

differentiable at given point?

Definition: Let M and N be CZsmooth manifolds.

Amap §: M— N is called k-times differentiable at PGM

it for charts (U,m, (\r/, k) with IOGLU and f(r)é\/

the map l(ogo I,,_4 k-times differentiable at L([)) :

Moreover: f: M— N is called C=smooth if f is k-times differentiable at FGM

for every FGM and every k€N, wWe write: S-GCM<M,N>.
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M
y |<°§°|” C= smooth
.
]

Examples of smooth maps: (1) Z — R

inclusion map:

- @ o tre

7] continuous!

A
L\J,\//\: | j k\ smooth?
<oc.o|n identity map
& O 1\/

x\

i ) '

l(o(._al\gl_: (1\11) —> < %, differentiable :> ( is smooth
S [




(2) q: St— PZ(fR) = 51/~ (x~7<=> x=y or x=-y)

X —> [X] confinuous map! smooth?

- @ x
e )

é- /\ "L
QX\
-0
X
S ENE

h
{- I\xII <\I’l -IIF _
\ C_ function

\

(2
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Regular Value Theorem:

smoo’fh

M
f[ﬁﬂ submanifold?

Let M N be smooth manifolds of dimension m and n (W’ = h);
g: M—>N be a smooth map, and O\GN be a reqular value of 5

L> j:’ does not contain critical points
1

L> fJ€ M s called a critical point of fif
vankfr .= rank (Jkgh‘ P)>>

is less than n  (not maximalr) .

Then: 5’[“’“ is a (m-n)=dim submanifold of M .

Example:

2 GL(A,R):z{AQ (RdXA ‘ det( A) # 0} is manifold of dimension o‘l.

A (A+1)
2

(b )Sqm(al d,R) := {B € [RG(XA ‘ :B :B is manifold of dimension
00 K

L

(c)

0(4,R):= {A€ GL(4,R) ‘ ATA = ﬂ} is a submanifold of GL(4,R)



Proof:

‘;‘ GL(ﬂ\,lR) —_— S%M(o{xo\,m) / ;(A) =

Two things to show: (1) :?_1[&1_}:&] = 0(4,R)

is a regular value of §

Case =21 : ‘ /\>
C XD )
k
) l
><.

gor

T
X, Xq X, Xq
(koo k" ( ) w§) (1) - k((xa,«) (X,XD
X+ X}
_ k( (X4 + 7‘3 qu{+ XJ‘LXQ>> X1Xl+ X; Xy

XX+ XXy Kyt Xy X+ %y
| | lx, O Ix, 0
Jacobian matrix: \)kofoln-1(x> = X, X, Xy X

rank = 3?2 Not for:

I

X,= %X, =0
Xy= Xy=0
X, =2 X, =0
Xy = X4 =0

1f §(A> -1 => \)koy.l{‘(k(A)) has rank 3 =—=> 7k reqular value

:> 0(4,R) is a submanifold of dimension A'L _ ”((0(*1) _ J(O{A)

(A 2
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. U
submanifold: M < R k-dimensional submanifold
)
k \ h: W=
W[Hal] =(Rx0)

;fzei’os , A / ]’][M(\u]

II' LN

Y):Rkn U\"‘> Mall o

local parameterisation

EXE\ME\@: m ?;R1n U\%Mnu
cos(t)
N T (s"'(“)

~— fangent space

T = Ay [R]
K ’ = iJ?(?‘(f>7 « | xe ka} <R

Tangent space:

Example: A
surface given by a graph of a function:

R—=R, feC(R)
S’(XIY)

<
I
<n
l

(x,y) 3 ﬂ{l’ﬁ




parameterisation: \f) R — M
1 0
()Y(x/y) = ( 0 /
2 2
5‘;(’(/)') 2
sub
—_—> .rl’ M = span
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sub
T; M tangent space for submanifold M < Rh , reM

(4 &
local parameterisation

M

Tpm M= iJY(f‘(fﬂ X ‘ XE ka} < R

Idea: / ’

< R

pavame’(eviseol curve b/t R—M

Proposition: T:“bM — {5‘(0) ‘ K:(—c,e)—»M differentiable with D/(D)zf)}

su » k
o oot (g‘) \/QT; bM :> V = J?(@> X  for xgﬂ{ / \f local parameterisation
P
= V= d(f0) §O dtn G =Frtx, §lea>R

= B, =70
¥

(2) Take: Z :(-€,e) — M differentiable with b’(o) =P

/’f Define:  X:i= —Of) b/)‘t 0
Y
K\(0> = i((fo 8’3‘{?0 = J?(Y(o)) Z;‘(O) _ ()‘F(Y—‘(f)\) X €_]_;subM
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_l_;subM > _l,P M
for Mgmh for M

smooth submanifold smooth manifold
tangent vector Q’f ngent vector?
;E N\~ curve uvve
h h (-¢,¢)
/— ta

ngent vector?
k
o~ -
/\o < R i_/

Definition: (M) t = iX ( € e) —> M ‘ XollFFeren’ﬁa\o\e with K(D)
pno & (hey)(0) = (hes) (o)

for a chart (M,'n),

equivalent class: [Xl = go(l Xmod} represents tangent vector

—I’F M ‘= Cf(r"O/,\, (set of all egquivalence classes)

fangent space of the manifold M

Result: « For a submanifold Tsub M HT M

bijection

o) «— [yl

_rP M is a vector space with the operations: @ﬁ{k

Var o= hy () () it b D] (e )
AV o= lw-; (7\11*(\’)>
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smooth manifold M of dimension n f€M .

T&Mm

well—defined and with dimension n

W T.M
ohart ([A/h) : @ f
L‘C ’) ~— defined by:
f k*é j‘(’* he: TH—>R

- $ 4 [ﬂ»(},o,)‘(o}
> S ar linear + bijective

(

W
>

R ' y
LP* = l\*

Definition: coordinate basis (standard basis with respect to QA,\n) ) :

For QA,\") and 0)6 U, we define: gd 1= LP*(QJ)

where (e,,,el, ..., €,) is the standard basis of R

sub
Remember: For submanifolds: _r‘, M > _rP M
Rn

(91 :’b')_:"' ,(bn) is essentially ( %(ﬁ-‘(f c %ﬁ—l(’() [een %Lﬁ—h(f))

Soon: 5: M— N smooth ~—> 0\};?: T;, M —> _‘—‘,N differential
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T. M M
I/ P | A
disjoint )
Definition: tangent bundle TM i m T%M = U ifEXTFM

L feM f’eM
> smooth manifold of dimension Z- OIIYYI(M)

Definition: differential of § at point p
AS(’: TFM - E(r)N
[y] — [5]

differential: A} rl——> 0\5:?




bijection

‘1/ sub
TioN = TioN

%)
Example for submanifolds M | N < fR smooth submanifolds

Tl

N

as, oijection
[y] > [$oy] = ($9)(0)

Example: S: [Rh% R (smooth map)

45, (0) = (5)(0) = JJ(L@;)@Y@

Tangent vector

= directional derivative of 5 along [}ﬂ at p
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Differential in local charts?

§i= kool

i?\h /\
")

Remember: ka§ = :oL

Choose: I:K__J € TY M AkS(ﬂ (0\&([?{])> = Olkg(f) ( [}ﬁ*])
[ dr] 2 (e for) (0

ordinary chain rule

I
PO
o
-

Remember: ;F =

A5 = A Jp
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Recall: FG:M, (M,\:{) coordinate basis (91,---,9..> of TFM
¢= L_il 90 P — LPxn(e’J) — U\Lh(r)(eﬂj)

defined by:
he: TH—>R

( [x]th)(
linear + bijectiv
Directional derivative: 5: M — R smooth

Cgn

O,5)()= 45,(%) 2k

R
o AS (O\Lh(r)(ed')>

—Ii}tfb/] [\4 é)—L(r)+{:e

bijection

chain rule

Example:
t—> Z

) =
(G
q.-,
_g
Ve
=—
=
=
=
/—\
\_/
J |
D)
—~
‘-I')
—/
Vaammn
=
=
N

T« R ol
@ ahh() © ) = U’ J_X (:) h %)J“ ‘ 91 - A,\rk(g(ey)(e"l}

_ o($+b) . c.s _ A\ ) = k@)1 t

((f’ ﬂ ‘ = (’\roﬂ (0) I vg)
= ('_,-Cz ’ I 1

map "5_": .S-Il> CLS Ii(QLS)LIL 7 s (8 )

Jels) =1
last video ) »
differential of S: A\S: (9 > 5/ Akiy_ \)5( )\_’Y(\g} =1 Aqu_(e1> = 7 A

Z e
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Introduction to

Ricci calculus / tensor calculus

3,

£

our language

C—'> calculating in coordinates

C) positions of indices matter

(superscripls, subscripis)

Ricci calculus

components of a given chart

(Wh) , h: W—R

coordinate basis of T‘oM‘

/90 = kP*(e’d)

Tfangent vector [ﬂeT‘,M:
\/1D4+ VL‘)L+ TR \lhgh

inner product on TfM :

{vywyelR

Later:

1

dual fo a contravariant
! J = k

dxi(5,) = YL
0, J#Kk
$.

JK

Kronecker delta

—
—

WU — R

or simply:

coordinates

qu xL/ g Xh

w9y
19 nd 39
Viag vt Voae = Va5

(Einstein summation convention)

contravariant vector

tensor

y
X,

L one—form (~>linear map)

V.

vector: i
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Recall: M TPM n—dimensional vector space

eo Define: T}*M ZS(DMB*

_ io(: TPM — R \inear}

"""> AXM, . —l_")M —> R
dxw(go = ng linear map:

%
differential form: map W defined on M such that M(F)Q TP M

(one—form)

O\XJ: p— AXM, € TV*M

Some mulfilinear algebra: AH‘k(\/> o {/o(: vx eoxV —> R multilinear (k ~livear)
——
k=times + alternating

Qo((v,,...,vk) -0
(Ve V)

linearly dependent

Example: K& AH’L(V) . O((V“V,) = - D((V,_,VD

det € /"\\‘T'L (ﬂf)

X E AHK(V) is called an alternating k —form on V

Remember: AH’1(\/> = \/* (dual space of V)

Al (V) = R
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Wedge product: A multiplication defined for K€ A\'\'k(v), ?6 AHS(V>

A AR (V) x Al (V) —> ARY(V)
(o<, [%) —> /\[5

k+s)-linear
&l> (D( A ﬁ)(v”m'vk*‘) ﬁ 0((V,,...,Vk)- {S(Vk-H""IkaS)

not a possible definition:
(not alternating)

Definition:  For « € A\‘\‘k(\/), EG AH’S(V) , we define ¢ /\[& € AH’“S(V) by:

(D( A E)(\a I"':Vkﬂ) v — 1 ZSQW(U‘) o((vv(ﬂ 4oeemd VVU‘)) {S(Vb‘(kﬂ): /VO‘(kﬂ‘))

k! s!
e S,

Exameles:  (a) o, Be Al (V) = VF

(MAE)(U\,V) = o(u) E(V) - (V) [&(U\)
g ) @) D) - oold

identified with E

np (1)) - v = ) GDED

identified with x /\E



k-s
Properties: (a) o A B = (— 1) B/\ X (anficommutative)

(b) (o(+o(‘)/\[§ = O(AB +oL‘/\[§

()\oa)/\ﬁ = 7\(0(/\[3)

(bilinear)

(c) o A(B A D/> — (0( A P) nY (associative)

(d) For a linear map S: W—=>V and € AHK(V) define:
pullback (}*d)(w,,_..,vk): oL §w) s oo §(uk)>

(*natural")

§(xnp) = Fanfy
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M smooth manifold of dimension n :> T. M N —=dimensional
P veclor space
Definition: W : M 5 U A\_\.k(-rFM)

feM
p—> W, = w(pe AR (T M)

is called a k—Form on M .

We also define: L) A V] as (&) A VJ)(‘)): M(f) A V](f)

50 as (§*m>(f>) — (Agcr)*w(f(f))
/\ JC: N —M smooth

Basis elements: /T‘, M
@
h v M
2

basis of Ti) M : (91 , gt en 9,,3 with Q‘j P= (P*(e‘(D = A‘h(r)("-ﬁ

basis O‘F(_]} M>* = AH"(T’PM> : (AXL Ax:-”“_' JXI‘:>
defined by: Axg(go _ .ik _ {1 , j=k

k
Proposition: A basis of Al (T;’M) is given by:

M Pooo o A
(Axr A J\x' A AAX' >r«<f‘t<"‘<f‘k



Example: ohm(M) =1 , A\'\’l(T’FM> :
( o\x}, A Axif , o\x}, A Axg‘, , o\x; A Axi)

Conclusion:  Each k—fovm on M can locally be written as:

Wp) = > | wl‘*'r*w---,rk<f>'(}‘x{"1 A AXET A A dx)
<

W . U — R component functions
f‘ul“t.;--',[‘k

Definition: « 1f all component functions are differentiable at P

then ) is differentiable at .

« If () is differentiable at all pe M,

> we 0'(M)
(M) = C7(M)

then L) is called a differential form on M .
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k k—Fo on M
differential form on a manifold: (€ Q<M> = ”

+
differentiable

W(p) = > | wi‘“f“t"ﬂf‘k(ﬂdxr A AXEE A A A
,A1<---<rk

Examples: 3 1 /N 91.‘
( ) M — R T M p— Qk = Ck

AX': ( gk) = gdk

A

dentite 9,=(5) . dx = (1, 0)
0 (), = (00)

et A det) (oo ) = S sante) dxg(apey) dxp(ary)

W\ \ re s,

) > -

o= san() &4 riy Qor) = de)f<a:1, :>
e S, v

b n
(b) Each (€ _O_(m“> can be written as:

I

w(‘ﬁ

wu,_,_,n (]’) olx:, A olx? A e A ”\Xr

= W, () det (]~ :)



(c)
M

I

(r’, e)

corresponding 1—forms: O\I‘P
for F.—.—(x,y) 0\6"
2—torm:

—:> r‘ArP AN

( j L'D given by polar coordinates Lf(r, 9) = <r. )>
T sin(@)

o

(a\r‘, A 0\6‘,> (64 )

cos(§

= 1ICH

cos(§)
sin(e)

- -sin(6)
r,0)= —lf-(r/ 9) - e
91( 26 <\"- cos(9)

—_ (P* 61
Q(r 0) = i(r, §) = <

(oos(e) , siVl(G))

== (% 7)

x+y

= %(— sin(0) , 005(9)) =

e,) = dry(e,) d0,(e.) - dry(e,) 6, (e
_ %(Cos(m ~ ?.(_4) (smw))

1

Ae‘, = det (! I,) = dx, A A,
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vector space &~—— orientation
e

LA
n
tfor example: R with basis: B = (81,811---,eu>

(4
/k- positively orientated !

change—of —basis matrix —7 Ced

/ \

two cases: C :(C4ICZI---/C|—|)

ole’f(_|;<_3 ) > 0 ;\ positively orientated
ole‘\'(—|;<_\B )< 0 negatively orientated
:> two equivalence classes for bases

o] ] Lo ]
W) W)

det(T._,)> 0 det(T__.)>0

Remember: v finite—dimensional vector space + one chosen eguivalence class

/I~~~  orientation (\/, oy)

" ‘ TPM Tangent space

Orientations for manifolds: E’Q

h with orientation | ith orvientation
(e AN
L, gyt RT—> Tl

T & — 4

should not change orientation



Definition: A smooth manifold M is called orientable if there is a tfamily of orientations

for the tangent spaces i(—[_?M | oyf)’% such that

vFe M H(U\,L) Vxelh : (91(")(x) , Q,Eh)(x), ,’Qf,h)(x)> € ox,

Example:  (a) If M has an atlas with one chart (M,m , Then M is orientable,

(b) Mébbius strip: ~—>

atter running

around the strip: @

det < 0
. 7
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orientable manifold M

Fact: Let M be an n—dim smooth manifold, Then the following claims are equivalent:

(a) M s orientable : wWe have (~|_f’ or )’3 such fhat

ch—; M B(U\,L) Yxell (9,0')(@ , QQ(h)(X), ,’9&”(x)> € or,

(b) There is an aT\asw collection of charts that cover the manifold

such that all fransition maps

w: ¥ — ’ satisfy:

o o b )

/I\ ] \A\ Transition map T!
~ \j
> R) |

vV —

(c) There is a differential form (volume torm)

We _Qh(m with  W(p) # 0 forall pe M.



Proof: (a) & (b)

/]\ ] \A\ transition map [ \%
—> N a——
We have: ,\,{*@i@i) = %*(61)

first column of Tacobian

A
=(Q =JZ%"'J

Change—of—basis matrix: :B = (91“)(?),

(%) ;«
= 1;: «3 ~ |\ ¢
Mo

Hence:

det(T._.) >0 (&> det(J,()) >0

(a)

&

(b)



LS The Bright Side of Mathematics — hitps://tbsom.de/s/mt

Manitolds — Part 33

manifold M

-

with inner product '\GWQTV\S and aV\Q\€S?

.distance between Panol 9 ?

1 R inner product <, >+ R «x R"— R

N

\ [,l(X,X> length of x
X

N
>

write: ﬂ(x,y) = <X,>/>

Definition: M smooth manifold. 1f we have an inner product 9p O T‘_,M

for all PeM and P> gp smooth, then:

j: P> 9 is called a Riemannian metric and

(M,s) is called a Riemannian manifold.

What does smooth mean? M

—/
G

\ﬁ\( )\( ~——> coordinate basis in T;M / xe U

(‘9?‘)(x) LW ?ﬁ”(x))
gl 9 (), X ) =2 il

maps: u— ]R smoo‘rhl.

) for all ¢,] (U h)

(Einstein summation convention)

In local coordinates: jX( ,o) \L: j(:u)()() O\X;() o\x‘;)((o)

Hence: 9x can be seen as a symmetric matrix: G = ( jw(X)>
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Riemannian metric: 3: p > 3r</ivmer product on Tf’M

\ smooth

Submanifolds in fRN:

N

< R
h —dimensional submanifold /\K
\/ standard inner product
1,

standard Riemannian metric J

"M

- sub 0
Note : —F?M :_[_F M = Span(%t%,... 'ELL;,,} YJ//I.

7

j(-.:;)(r) = <%‘f<-_L(’F) :%%;(?D

standard

N
Examples: (a) 1 —dimensional submanifold in R

\/W

f € > y(¢)

1
standard

I = P PEy =l

b
e At = v(ole’f(G) dt

[/

b
length: j_“ ke\(ic)|



17 3
(b)  § < [R has parameterization given by spherical coordinates:

sin(g) cos(y)

@(6.&0 = sin(p) siw(\f)

cos(8)
D cos(8) cos(y)
:> two tangent vectors: Q;ﬁe = [ cos(8) sin(\f\f)
-sin(p)
20 -sin(B) sin(y)
Q0 sin(p) cos(y)
1 0
1 0

= (G = > Jdet(6) = [since)]

0 sint(0)
volume form: lole’r(G) Jel\&kp
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We already know: An orientable n —dimensional manifold M

n
has a non—trivial volume form we () (M)

Definition: M orientable Riemannian manifold of dimension h.

n
Then the canonical volume form Wy € () (M) is defined by:

1f (V“V“.,_IV“) is a positively orientated basis of TPM

and an orthonormal basis O‘F—]_PM (ONE), 3P<V“VJ) = Sa‘j

Then: wM(ﬂ(VﬂVL,---,Vn) = 1

Proposition: (M'ﬁ) orientable Riemannian manifold of dimension n .

Let (LA,L) be a chart such that the basis

M
\—/
Sero (W30, .., 0800
\'\\6 )\( is posifively orientated for all xe (A, |
— R" Lolua\ basis

y(x) = Jdet( G) dxt A dxEA oA dX,

K K where GLJ,:: jx(gg‘)(x), 'Sl}h)(x))

determinant of Gram/ Gramian




PYOO‘F: Gram—Schmidt

(g?‘)(x) ,gih)(x), )th)(xD N> (V1 N v,,) ONB
~_ N

positively orientated § positively orientated

linear map

mer w0, (0 (300,900, . 90
= Wy (af(m,af(va,..., f00) = 0,00 (v, v.)

:7o|e’r(§) wM(x>(v,,,__,V,,)

=1
9x (3700, 3%0) = 9 (50, §¥)
Ty 77N [t = 3x(F'AB(), 3'AB(Y))
l§ l§ = < A@@ , A wzandard :(ATA>LJ
te| 7 AN ] € €

—=> det(G) = det(A) 0
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M orientable Riemannian manifold of dimension n .

L-> canonical volume form wM(X):\]oIeT(G)‘ a\xl/\.../\Ax: k% cfP\n

E les: (2 3
xamples:  (a) S< R has parameterization given by spherical coordinates:

sin(B) cos(y)
G(819) = [ sinte) sincy)

cos(8)
1 0
:> (5 =
0 sint(8)

= () = sine) A A dy

(b) 1 00 .
Graph surface: §: R'—=R  C™=function A p@
o= § (e ) | e ]

7
2—dim. submanifold in lR

Use parameterization: (p- X > (xl}(x)) ; h: (x,}(x)) > X

identify 1
Tangent vectors: ’31(")(?) = E‘f—(x) = ('ioﬁ_u>
X, X

%y

U.) iole;l’rifq _LL ?
’31 (F) — 9X1(x) = 2 ()

Xy



of 94

() )__ g_tﬂ_ 9_‘?_ _ — .=, L#F
L = K) ) Ix. 9IxX.
j()(r < 2 'L( 9 (X5>’(anc|aro| g x()

of 9F .

I+ Ixg Ax; ‘F

. 1 1
Canonical volume form: wM(W — J1 +(%%1) +(%§;_J AX; A AX:.

1 0
s = W)
standard 9X1(x) %‘%}X)

_ef
. % |
= <i = [det(G)

Interesting fact: H ’31“)(?) X gih)(F)

standard

A

standard
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N 3
M_C_IR orientable Riemannian manifold of dimensionZ
length of N <~ canonical volume form
Definition:  Let ’M be a Riemannian manifold and MQIM/ ‘ M

A map N: M— Tﬁ
P> N(p)eT, M

and N(F)QQTFM)L\Q(& (see Tf,M §—|—F’M/>

is called a normal vector field. (orthogonal w.r.t. gp)

We call it continuous at p if for a chart (M,k) of ,M
holds: (Feu)

NK) = 00090

\

We call it a continuous unit normal vector field if

continuous functions L — R

o N is continuous at every pe M

: "N(X)” - \j Sx(N(X)/N(X))' =1 foral xe M.

Important fact:

Mec [?\h (h—ﬂ—olimensiona\ submanifold:

(a) -
M is orientable <:> M has a continuous unit normal vector field

\\ continuous normal vector

field not possible



(b) 1f N is a continuous unit normal vector field, then:

canonical -7 M N = de‘t

volume form /\

means:

oy (x) (v“...,v,,_,) = ole’r( N(x), Vq,...,V.,,_D

g

volume = height - area

N

—N——
=1
Example: 1 3
S =R L
parameterization:
N(x) = x sin(8) cos(y)
O(6.9) = ( since) sinp)
cos(8)

\]olle(G)‘ = M(X) g('\) (x) g('-) x)) =~ ole’r(N(x), ’310‘)(><)J gf"m)

sin(B) cos(\f) cos(8) OOS(‘-r) -sin(B) SiV\(\[’)
sin(8) sin(y) cos(8) sin(y) sin(p) cos(y)

cos(8) -sin(p) 0

]

= sin(p)
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Integration: £ R— R  (smooth function later)

N N

Tﬁ _
S S o

Riemann integral bl Lebesgue integral

%

see {(x) as a density at point xe R :

— S

N £(x) - Ax

density « length = mass

ZJC(X).AX ~> j‘}(x‘) dx = total mass

R
Same idea in higher dimensions: 5: [R'L% R
//_\\
density - area = mass

~—> y}(x,y) A(x,y) = fotal mass
"



Let's fake M = [RZ'- differential form (w: p = Jc(f’) Adx A A)/ S AH}(TPH)

—

R

— v L/v\_,
V, W, W

~> Wy (viw) = Fp) ((dx(v)-dy (v) - j“/’i@w>

= §(p) det(v, w)

infegral: jm e ff Ax ,\o\y = y}(x,y) A(X,)/)
M R

M
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Integration on Rh: _Yf(x.y) O\(X/)’) — ff Ax A A}/
R

Integration on orientable manifolds: (\A,D chart with:
(990,990, .. ,2°()
j u > O is posifively orientated for all xe (A,
" TE,M
h
{ J Px

) — n ~> " "
7| =R TR =R
[
AXx.e, szra?'\(F)
Consider small box: /’p
(W)
Ax, e, AXJ\IA1 (P)
volume: AX1-AX1--- Ax, measured by W,
we( A% Ae) , ax ), -, ax ) )
= w, (W), ) ax - ax,
M~
Q
wtl,...,r\ <f>
summing up small boxes
> Jw1,z,.._,n(Y(F)> A’& AXL--- dx,

N~

limit process A



Nn
Definition:  Let M be an orientable h—=dimensional manifold, W€ ) <M> )
(\A,k) chart with: (’3}“’(x) ,gik)(x)l )QE")(X)> is positively orientated for all xe .

For AC W, where l\[A__I is measurable, we define:

Jw = 5‘ W,, n(k_1<x)> A x

y AR
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N
Let M be an orientable h—dimensional manifold and we () (M) .

W(p) = Wy, o (p) dxp n dxen o n A , U\
\—/'\(_J orientation

component function < jl\ / oreserving
'3
5 S&)”_“_’ (h (X)) J\X (integral in R")
A h[u] 0 . =R
= S Lr*bo
hWl B

volume form on manifold [P\n

Some explanations: (1) For we_ﬂ?(b&) } \f): W — U , we define Lr*w c d(a)

by: (Lr*w)F(v“ V) = Wy deo () oo Ay (V)>
( p= ?(r)> \\Y* (Former notation)

() = F(7) detC)  (olume form on )

}‘(?) = (LP*UJ)F(QM'-'/e'h) = wp(\?*(€1): ) \?*(eh)> - wtl, n(F>
W \

\
AP(p) (p)
(3)

.....



Question: S(AJ s = f({»*w well—defined?
A h[A]

L)l )

transition map
diffeomorphism

S = [yt

h[A] k[A]

Proof: wWe have: ’\.l) oW = Ll) (vestricted to a suitable subset)

S * % %
— wlzroj_tfw
W

:> (W*CJ)X(V,,...,V,,) = a”w(x)(fj\wx(v«) ) ey AWX(VD> can be described
~— by The Tacobian

= (’b’w(x)( \)w(x)\ﬁ Ry JW(X)Vn>

part 35

= det(J (1)) By (Ve ,vh)
K_/V\/

>0 (everything should be orientation preserving)

Hence:

Syt = Tyt = fdet(i ) g(w()) dix
h[A] h[A] h[A] ,,
ordinary integral in R

change of variables formula

— )
Y =w(x) = 5J(Y) a\)l = j’\r W O]
k[A] k[A]
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We already know:
<>

(f, ( >h o
Jui= f g
A h(A)
“hlA]
Example: (0 canonical volume form on ‘SL (measures areas on S° ) 0

@: (O,ﬂ-) x(O,'l’W) — R3
N// sin(B) cos(y)
W (e , Lf) > | sin(8) sin(y)

cos(8)
X
S‘*’ = 5@ (W

oW W

canonical volume form: &J(P) = \]ole‘f( G(f))‘ AX}, A O\XF
\ \\

sin(p) dé A‘fJ
for p = §(G,kr) \4—Fozms on §°

(@*(AD (7) = sin(B) - det(, ")
W\

(©) T
! 40 A AL(!
T

4=Fforms on G:Q R’L



in short: G = sin(B) AG/\A\f

@*w = sin(p) o\G/\Ak(J

5(/0 = S(;O = ji*w — 5 sin(B) JGI\A\f
Sl\ﬁk §[’\7\ (6,7) x(0,1%) (6,7%) x(0,1%)

null set _ Sll<5ljrsm(e) Akp> o - (Mr

n
Definition: Let M be an orientable h —dimensional manifold and we () <M> ]

Aset AS M is called y
A
¢ measurable if H__An U__\ is measurable ‘\O/
K(w.v.’r. Lebesque ' u
‘FOV every chart (u,t\). measure in [R") h\( }Y
e null set (set with measure zero) c R

it h[An U—J has Lebesgue measure 0

for every chart (M,L\).

We get:
W is defined for every measurable set A Sk (where (Wh)is a chart)

(assuming gtr*m exists in R )
h{A]

and 5(,0 = S(,Q it B\N € Wk (where (lA,\n) is a chart)

B\ and N is a null seft,

Hence: 5(*3 _ éHT’
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A measurable M

W volume form

L7 Put Toge’fher to 3eT: fm

A
Every manifold M has a countable atlas (Mk,hk)

€ which means
UUk = M.
keN

Fact:

Lemma: Let M be an orientable n -dimensional manifold and (Mk,hk)kem atlas.

Any measurable set A< M can be decomposed into sets Akt

(1) Ak is measurable for all ke [N

2) YA, = A

ke
3 A nA =g for L#)
(4) AKQ\M for all leN

Proof: Just define:
1

A
A1 =(An U\ A,
Ag ::(A a U\D\(A«U AJ

I
T
-

P




Definition:

N
Let M be an orientable h-dimensional manifold and ) ¢ Q_ (M) _

Choose A , Ak ,(Mk,hk) as in The Lemma before.

A
1 1 k
£ Sm exists for all ke N
f orientation

/ reservin
§ Ll’k exists Lﬁ‘ > hk P )

h (AL
which means: =R
j| “(h—k'(X))l A% < oo LA
h (A
component function: (L)M- ..... h(F) = LL)P('Q“'),_,...,Q,,)
(2)
j| W, , ’n(h'k'(x))l dx < o3,
k=1 h[AL)
then:
fm s — Z S‘U
A k=1 Ak

and if it works for A= M, then () is called integrable.
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A measurable

M orientable
Y n-dimensional manifold

qmﬂ" we V(M)

Proposition: (Wel\-deﬁhedhess of J‘m>
A

(U 1)y, atlas, AZHNAK disjoint A, S U,  with:

(1) Soo exists for all ke N

(2) = )
Vo Slog (RN dx < o
k=1 LK[_AI\_)
(%, T) N aflas, A= UAN.M dis joint ng_um : /,
" meEN
(measurable) Wl/))
Then: J
) S&J exists for all m€ N
A



Proof: qanllnﬂlullii qiﬁ!ngla!zzb% a é ~

hew decomposition: A = U (Ak“ A\'lm)
k,m

Part 40

5 |w1.z ,,,,, n“‘:(")) d — j |w1,z ,,,,, n(r:(ﬁ) A%
Lkl-_Ak“ A R[Akn A
éi 5|w1.1.. “(L:(x)) dx = Z - j |w1,z ,,,,, n(r;(")) d'x
w1 b AeR] ot T A
//
$lw,, (hea)] s
ENLK[AKnxh]
N (o, ()| dx ..
LK[AK_) / finite!
= Y Slo, o) &= 5555 I uy (K[
S k=t m=t b [AnA,]
=% S w, (R0 |4
=t A
me c;z\c:;u’f;on without
_5 h
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Change of variables:

TN N
smooth

- \
§ 1Smco’fh > diffeomorphism
If 3:-. M —> N is a diffeomorphism

and orientation preserving, then: %
Fwo= Jw

M /\\ M)
( *w)r&vh\l,_ AR

th V) positively orientated in TM
:> (M: (\/1) CH V}) = w}(r) (ASP(VD ) A&P(VJ ) o) A.&,(Vﬂ)

Positively orientated in Tf(p') N

Proof:
- >
‘\_’/
(Mkl k) {/ kf)k_ /
(Vk: k) with {i := 3

o §
=K Bk’: .S;EAI]

"‘I\[_Ak__l /Q
countably many (pairwise) disjoint sets

decomposition of M into

countably many (pairwise) disjoint sets Akg We



S S*w = 5 \‘0*5*(,)
Ax h LA

We have: (Y*g*w)x( U, W, ...,U\h)

= e (Mgt A

with /\1/: §0LF

(g*{*')(fm( d‘fx(uﬂ

s dip,(u))

gty )

= w,\r(x) ( 0\’\|/X(u1> e ) O\I\YX(UV')>

= (’Y* UU)X( Uy

Result:

Ak hk[Ak] hk[Ak]

Uyyon) = (Fo @*‘Y’*o(

SS*w =§ \()*A:*w = 5 VW

/’\
w

(Mk k)&/ L'ak r\f’k'—'Y
(Ve &) with fo= o §
=R
M[AJ

Bk:: §[Aﬂ

%)
k: fu p— j\w
o::l both M g[M]



