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Ordinary Differential Equations — Part 4
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Topics: — system of ordinary differential equations (ODE)

— solution methods

— existence and unigueness of solutions
— linear ordinary differential equations (matrix exponential function)
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Ordinary Differential Equations — Part 2

Definitions:  For IC (interval, open set, union intervals,..)
Ck(]__> X: I — IR ‘ X s k —times continuously differentiable
M \//
£ —x(t) v 0)
X , X / ; X7 contfinuous functions
% 0‘_
dt

Ordinary differential equation: F ({, R, ).(, ey X(k)> =0

L j]
>| ODE continuous

. e L
Example: t+X+{x +(x) =0

>
Il

(explicit) ODE of order 1

wit,x), w:IxJ—R , T,JeR
}\\_/ intervals

Example: X = X+t

%= Xt '
What about? <>;<1z iz; t> ~> (21) = W(tl(@)

—

System of (explicit) 0DEs of order

= w(b,x) | x(’c)efP\h , w:IxU—%Rh
\open set in RM

Solution of O0DE: o¢: U’o: 1) —> A with Uh,, 1)C 1

satisfies oLU:) = \J(t,rx({:)) for all JCe(JCa,JW).

\ovbi’f of K

S
-/
sin(t)

5 () e tor o

>.<2. =" n
. 3 o(({:) = (ZOS((?)> is a solution

e
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Ordinary Differential Equations — Part 3

ODE: X = w({:,)() (explicit, of first order)

Examg\e: (a) ).(: ')\-X ~>  aufonomous

(b) ¥ = J(, ~> not autonomous

() ,,
(;1>: (XL> ~>, autonomous

1 _x1

h .
Definition: autonomous system: X = V(X> with V: W — R OH&"LP )
e

/& 1t=1% Y continuous
Directional field: N > . )
SRR A s Vi R —R
—_—
orbit
= 4 v >
N /

Examples:  (a) X = sin(X) , V: R—R , V(X): sin(x)

— >

> .
3 L R

. ® —=) ¢
- T 0 ™

I -
T

(1) o(({:) =0 forall te R is asolution: o (t) = sin( ck(t))
0 Yo

(2) ok({ﬂ =5 for all te R is a solution,

(3) A solution with o((o) = ,'YT is monotonically increasing

with L o(t) = .
t->00
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Ordinary Differential Equations — Part 4

Example: X = cos(X) + v X (autonomous ODE of third order)

define: —Z‘i > % yl
efine: >/- X )/L:>/3

>/3 — oos(%) + YZ' + )/4

= >./ = \((Y) (autonomous system of ODEs of first order)

E E\ : ‘e . . ¢
LA X = cos(X) + xl + X-1 (non—autonomous ODE of third order)

Ys

t
define: [y | [ X |\ < =
Wl |~ AT
)3 X

Y3 = cos(y;) + )/Z' + >/4 —)/:

Remember: (explit) autonomous ODE of N th order <~> >./:-' V(Y)

N h components

(autonomous system of NODEs of first order)

(explit) non—autonomous ODE of n th order > >./—’3 V()’)

N n+41 components

(autonomous system of wil 0DEs of first order)
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Ordinary Differential Equations — Part s

Initial value problem: x = v(x) with V: R—>R continuous
x(0) = X,

Find all solutions of: (te, t)) —> IR (&(t) = v(x(t)))
o
with «(0) = %, :

Solving strategy:  Assume V(Xo) 0 :

X

ODE: v =

Therefore: any solution : (to, t1) —> R with OK(O) = %, safisfies:
20

fundamental xs) =1 for all se¢ ({:o, tJ
Theorem V(o((s))
of calculus /_\/
)y for all ¢
€ {:Olt1
S -Sv(oc(s)) (£, )
ot(t) substitution: = o((s) , O‘X < &(s) ds

Il

= m

for all te(t,t,)

<:> F(x() - F(x) = £ forall te(t,ty)

where F is an antiderivative of —17

= F( (t)) = t-c  forall te(t,t,)

= ) = F(t-c)  forall te(tt,)



Examples: (a) X =Nx , x(0) = %o F 0

<:> aA\_){(: _ 7\_x ln‘Fovma\\q fdx J-?\ A't

& loallxh = Mt +CG , Cel

natural logarithm

o C
& kb = e e
C'. 'ht
=« { oot
Solution: «(t) = X,- €

(b) % =xt, x(0)=x%0

<= éfrxt & j—t :jf“

t+C SN
-1 ! 1
initial value: ok(0) = F =X = C=- X,
_1 xo

solution: () =
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Ordinary Differential Equations — Part &

non—autonomous ODE: X = w(t, x)

@/ can we separatet and x?

example:

Separafion of variables:

XZJ({:)}"(X) ;o X(te) = X, (initial value problem)
N
R

continuous functions

Assume: l\(X,,) + 0 :> %x): j({:)

Therefore: any solution of: (t,,t) —> R with (k) = x, satisfies:
2,

fundamental O((S) S) f

= or all se(¢t,,t,
LT, e i (t.8)
of calculus L

t
— o((S) Js = ) 0(6 or a
& ; h(() g g0 for all te(t,t)

substitution: X = et(s) dx = 0 ds
ol(t)

¢
1
) = dx = g(s) ds for all te(t,,t,)
< > gk(x) go

N
S F(x) - F(x) = G8) - 6(k)  forall te(t,t,)

where I is an anfiderivative of 1

h

<:> F(O((t)) — G(t‘) + C where 6 is an antiderivative O‘FJ

for a constant cER, for all te(’c“tl\)

= «t) = F—1(G({:) + C)



Bamplet (o) % = % X(0) = x,#0

wntovma\\q \S\dx 1{: It

1
2
& =3

= \oq(|x|) = %{tq + C

V\aTuva\ logarithm
0((0) = Xa

A

& = e = &) = xe

()% = sin(t)- e, x(0) =

wncovma\\g,
= i—i = sin(t) ¢ SO\X — sm(t) dt
<:> —e:x = —cos(t) + C for a constant celR
<:> «(t) = - log(cos(t) + E) for a constant CelR
(0) = Xq N 0

—> ~log(cos(0) + C) = X% = [ =z e

for a constant ce R
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Ordinary Differential Equations — Part 9

continuous functions

v
Linear ODE of first order: ¥ = a(t)-x + l:(_JC)

Finding solutions:  (with an integrating factor)

X+ %) x = b(t) with &(t) := - a(t)
M\*P\%Z*g X e A(t) N 'o‘((t)x@A(t) — L(Jc)ét\(t) Note: if A is an an’fioleviva’rive of &,
J . e (’c)
then: — A

product rule ~ ~ o\’c

= Lwd?) =1 e

e N LA is anfiderivative of L(i)g(t)

= e 2 HB e, ceR

~A(¢
Solutions:  «(t) = QA( )(l—l({:) + C> ., ceR
1t
Example X =tx+ et / x(0) = X,
Lt g
<:> X -t x :CLJC e "
. iy
& ket obxel =
4 3
<_> F(X(é) e > = 1
A
= Ke* = t+C cefR
¢
<:> solution:  o(t) (t-er) Gl
¢
Initial value condition: «(0) = X, ~> o (t) (£ "‘X) (‘ll

//
C
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Ordinary Differential Equations — Part ¢

nh h
Questions:  Initial value problem: X =V(x) with V: R—>R" continuous
X(O) = Xa

e Does a solufion exist?
e What is the domain of definition?

* Unigueness of solutions?

part s
Examp\est (3) X _ X'L / X(O) :1 :> solution exists: oL(é) — 11 -
only defined for t<1
2((0):1

. re . >
0 1

>
X
: , /N
(b) X =V(x), x()=0 with v(x) = \l—I;(—I' . x20
.
~{IX[ |, x<0 J

We find at least two solutions: ot({') = 0 for all t

0, t<d

In general: A /
orbit
-7 /
directional field N 7\ l\ Q(';>

existence: does each point have an orbit?

unigueness: can two orbits cross?
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Ordinary Differential Equations — Part 4
5:: R—> R

J

5

, locall
continuously N . * N
differentiable _> Lipschitz _>
continuous

(or open set W)
Definition: V: Rn —> [Rn is called locally Lipschitz continuous if:

v 4 3 Y
xeR"  €>0 L>0 yize Bo(x)

Lipschitz constant
Vo) - vEIl < Lo ly-2

/ “j
standard norm of R

Remember: (1) v

loc. Lipschitz continuous => V continuous

n->o0

Y Zy 2 V-Vl =3 0 )

[v(y) - v(2)|
Iy -2

(2)

V loc. Lipschitz continuous =>

) JC: R—= R continuously differentiable, Fix x¢ R, €>0

—

ly-21 )

value

theorem < sup ‘?(r’;)\ —: L =0
geBE(x)

|§(y) - S(‘t)l _ | 5_\(25) \ g between )/and *

___‘> 5 loc. Lipschitz continuous
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Ordinary Differential Equations — Part 10

¢ n h . . .
Initial value problem: £ =V(x) with Vv:R —> R loc. Lipschitz continuous
X(O) = Ko

Theorem:  The initial value problem has at most one solution., (orbits don't crosst)

Proof:  Assume o, &, are Two distinct solutions ( 0) = ( )

with &, (€) # % (€) for €0 and
inf ite[o,e] | %,©) # (2

|8l =]l (€) - e« (D]
:H §&1(t) dt - g (T) dT

= || {e) - v i< || < [ v - vl
° o ——
¢ £ maxlfCl < Lefle(0) - < O
< L {peldc < Loe max[BE

< L e
0 “~N—
choose € such that | € < 1{

= | [P < T mex PO for an teo] | = o=«

o
oxd‘
('1~
b8

j= ,.

H fv (5,(c)) dT - Sv(cx (T)d
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Ordinary Differential Equations — Part 1

e initial value problem

5( - V(X) n h
x(0) = x ~ with V: fR —> R loc. Lipschitz continuous
@’ﬁnq t t
> (3 ds = Sy ds
N 0

x(£) - x(0) t
= x(t) = X + SV(X(S))O(S
- ' —
@(X) function

N~
Definition: ii : }(R; ar) — }(R; Rn>
¢
f s (tle X, + Sv(,f(s))o(s>

0

% = v(x)

n
Now we know: x: R — R is a solution of
X(O) = Xa

<:> gi(x) = X (fixed point equation)

Banach fixed—point theorem: Let (X, A) be a complete metric space (set with distance function)

and éi : >< —> >< be a contraction , which means:

Jaelo)) VYxxeX: d(@(x),3®) < q- dx,%)
] (h\

< 1

Then: g) has a unigue fixed point x*e X and

h->co

for each Xaéx we have: éh(XD — x*.
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Ordinary Differential Equations — Part 12

. n h . . .
initial value problem X = V(%) with  v: R—>R loc. Lipschitz continuous

X(0) = X, :> there is a unigue solution:

(Picard-Lindeléf theorem)

Banach fixed—point theorem: Let (X, 0\) be a complete metric space

and éi : >< —> >< be a contraction .

Then: O has a unigue fixed point X*é X .

We need: (1) Complete metric space consisting of functions.

:
(2)  Contraction B(a)(t) = x, + Sv(oa(s))d(s

% = v(x)

Now we know: «: R— Rh is a solution of
x(ﬁ) = Xo

<:> @(0() = (fixed point equation)

F (1): i h in the domain o
X = {«x: (-e,e) —> e R Wi

(see below)

oL con’rinuous, o((g) = Xo}

+ bounded

with metric: (1(0(, E) = sup H Ok(t) — P(t)

te(-e,¢) R

/ \

standard norm

)
(.
'R 4

Fact: (X, 0\) is a complete metric space.



For (2):

(@), &) = sup

Triangle inequality

for integrals ~N
<
<
£

Picard-Lindeléf theorem

B()(t) = x + () ds

te(-e,e)

¢ L dlx,p)

——

gives a map O

[3(() - a(B),

X—> X

< L [lo6s) = ) [l

contraction

<1 for € small enough

V: lk%th loc, Lipschitz continuous |

Then there is ¢ >0 and a unigue solution

for the initial value problem

X = V(x)

x(0) = x,

x,& W.
A : (—E,Q) %u

sup | S0 &
N\
fu(g ) S”V(‘*(S)) v(p Q>
sup \ewgfh([O f]) SMP ”V(ot(s)) V(P
te(-c,¢) \_/__\V\/ m/
tl<¢€ Coup .-
se(-¢c,e)
e sup |v(w) - v(p
T —— %) needed

val



~

Definition of A with property )

V' being locally Lipschitz continuous at X, means:

4 3 ¥ : _ <y
So Lao yredo ||V(yA\) V(‘})ll Ly -2

o) 36
So we need OL(S)l ‘3(&) efBS(X) tor all se (- £:,€>.

Hence: A 1= :BS(X) (not a problem for the solution since we choose € as small as we want)
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Ordinary Differential Equations — Part 13

Picard-Lindeléf theorem

V: M%Rh loc. Lipschitz continuous XOQM.

Then there is ¢ >0 and a unigue solution oL : (— £,€> —s U

for the initial value problem X = V(x)
X(O) = Xa

Picard iteration:

h /A~ h->co
Iteration from the Banach fixed—point theorem i (“) —> &

ﬂ
b)) = x, + SV(&(sD ds

Example: initial value problem: X = X

x(0) = 1

start with o (-£,6) — R, &(t) =1

t

first step: @(QQ(JC) — 1+ 5&’(5)0(5 = 1+t

0
t

second step: @?—(&'xjc) = 1 + 5(1 +5> ds =1+t + %Jcl

0

]

h 1 3 1
ston TR = e ko be g0 e v i
lh—>oo (pointwise limit) (also uniform limit)

k

i t—l = exp(t)

k=0
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Ordinary Differential Equations — Part 14

initial value problem: X = V(%) with  V:D — R loec. Lipschitz continuous

,&- open in [Rh
(avel) X(t,) = X,

(Picard-Lindelof theorem)

_> there is € >0 and a unigue solution

oL (tme, tre) — D

Extension of solution: We say a solution oZ: T —> D extends ol: ({:; £, f°+€>% D

if I;(t;i,fo*%) and o’Zl >:: X .
(é.—£,€°+€

Maximal solutions: A solution «: T —> D is called maximal if there is no extension.

Proposition: (IVPi‘;) for V:D %ﬂ{h loc, Lipschitz continuous

has exactly one maximal solution (defined on an open interval),

Proof: ) o: L,—>D ¢
o fwo solutions of (IVPy)
%,: T,— D

:> I:= I1n Iz :(a,k}

=> o(1|l_, 0<L|I two solutions of (IVP%,’,)

There is ¢ > () such that o(1| — 0<l|

(t- €, t+€) B
i&) open inferval —X_ §\J < ({:; €, f°+€> with 0(1||J = D(lldrﬁ - M
({:_,Jc+)‘-: UJ gives maximal open interval

JeM

(to— £, {:o+€>




Show: {:+ =b Assume: {:+ #b

Then: o, (£) = o, (t) for all te ({:_,{ZJ

\I/ t>t, l

No = o(t,) = “1(t+) because of continuity on L

Look at (IVP,{;J) . unigueness of solution implies:

o (t) = Ml(t) for te(t,-¢,t+0)

= (t,t+8)e M §

Conclusion: ({:_,{:D = I and

O(1|l_ = 0(l|1 :> X —.[1U IzH:D

there is a solution of: T —> D for (IVP§:)} =5

Define: il_ open interval

U 1 open interval for maximal solution u
Te S

/>_)(°/< cannot happen:

Definition:  If fthe maximal solution is defined on [ = R, then it's called

a global solution,
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Ordinary Differential Equations — Part 15

N -~
% = v(x) vector field ,, > 7\ R /‘:\9” N
w V::D — [R — T V(f’) N
,\' open in IRh « \ / B / I ~
Ny /' 2 =
—>

For V::D — th loc, Lipschitz continuous ;

y = VI X
UVP&:) X Q has a unigque maximal solution : L —> D

X(ts) = X, @ p(’g):: (t+t,)

{Z: i —> D is a maximal solution (IVPQO)

Phase portraif: /\/__\ it ot X
\é@ Jo (k) [te T where «: IQ:D}

. ") S is The max. solution O'F(IVPga)

—®
—®

Proposition: For V;D %ﬂ{h loc, Lipschitz continuous, The phase portrait satisfies:

(a) For all x€D there is an orbit O 2 X.

(b) Two orbits O, O, satisfe On 0O, 20 = (=0,
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x=v(x), vi)—=K (=
R apen in R (//_\

\//_\\>
—©

Definition: A global solution x: R —=> 1 of X = v(x) is called:

o fixed point if x(t) = x(0) for all teR.

+ periodic if there is a [ >0 with (t+T) = x(+)

( for all telR,

a period
orbit
Proposition: For V::D %Rh loc, Lipschitz continuous,
X = v(x)
there are three options tor the maximal solution = of
X(O) = Xy

(a) o is injective /\/\/

(b) = is fixed point

(c) oL is periodic

E le: .. .
xampe X = -sin(X) ~> (’“) = ( Xt )z V(Xq,XA

~ sin(x,)

Do we have }: R'L—> R with _;:(o((’c)) = constant for all t ?



contour lines of 5:

Note: }(o(({)) = constant for allt

125

. & % 5(0((“) =0 for all t

5.0

25 chain rule

= . \ " = rad £)), . DS = for all t
ﬁ-“ & {ardf (o) 3‘}4> 0
injective \/( o((k))

luti
sowution periodic solution

§(X1IXL> = ilx:' — cos(X,) satisfies <qvad§(x1,xt),v(x,,x,)> =0.

: . ’ :
Fixed point: gvad}(x“xl) = (SM(X1)> = (O> & x,.=0, X1=|<-7:"

0

X'L
ke 2
é ? (pendulum does not move)
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Ordinary Differential Equations - Part 17

In part 12:  ?Picard-Lindeléf theorem for initial value problem

X = V(%) o locally Lipschitz continuous
R—/
x(0) = X, => there is a unique solution

Now: . initial value problem
X =W(t, x) 4
h
X(t) = X |“— continuous function w: Lx U —> R
/
X interval in R open set in 7
AN 1
n+
(A | generalized rectangle in(R
(el
( Y o>
T t

Picard-Lindelof theorem (for nonh-autonomous systems)

A w: Tx U —> R satisfies: compact L. >0 Y(t, , :
ssux;zyval m/;{ xOP}h - satisfies VKCEI x W compact x> V( X):G )’)ek -

continuous!

Hw(t,x) —w(t,y)H < Lyl
# /

standard norm in R

Then: For X,E W, there is ¢ >0 and a unique solution o{ :(t,,—s, t,,+€>% U

for the initial value problem X = W(kx)
X(to) = Ko
t
Proof: Same as in part 12 with
@(&x%) = X, *+ Sw(s, o(5)) ds
t,

and Banach fixed-point theorem.



Picard-Lindeldf theorem (sPpecial version)

h h
Assume W: R x R —> R is continuous and safisfies: for each T>0 :

3,50 Yeelm, 1] Yxye R : |Jwito0 -ue || < Lo -yl

Then there is a unique global solution ol : R— R

for the initial value problem X =Wk . A T
X(to) = XO _I

Proof: Set t,=0. Complete metric space X = C(:—T,T], Rh)

with meftric 51(0(, g) L= tSq\}AT’Pﬂ éZLTItI_ Ok(t) B P(E) H'Rn
| X

t standard nhorm

B(=)(6) = x + §w(s, wls)) ds

0

4@6,86) = sup e B - BB

telT,T]

- Ly
oo © H § (W<S' () - (s ) ASHR"
friangle inequality
for integrals -\/ i t
L sup QZLTItI S ” w(s, w(5)) - w(s, [5(5)) . ds
tel-T, 7] 0 \_,/V_\_R,/

< LT. ‘|°<(S> - P(‘Y)

Rh



U,

~2L.]t] -
< sup < S g - o) 4
[T, T 0
L____,_Y >
~2L, 1t ‘ < A(O(' @
. 2L
= tsegT,ﬂ y L Cl(o('@ aSe- s
T L
<l su (1_ —ZLTItI> (e - 1>
< d(«,f) sup (1-¢ T
\_/(\/
<1
<t 4(«,8)
L Banhach fixed-point theorem:
OF >< —> >< is a contraction ~ ==> unique solution ol: [-T,T] = R’
for all T>0
global solution oL R —> ar 0
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Ordinary Differential Equations - Part 138

Definition: A system of ODEs X = w(t,x)

is called a system of linear differential equations if

W QforR”\% R, (t,x) — AE)x + b(t)
or interval open set hxh

cohtinuous with A: t > A(t) € lR <
et = L(t)eR™

continuous

Note: « If L(t) = O for all L, then the system is called homogeneous.

« 1 Alt) = A, b(t) = |, for all £, then the system is called autonomous.

Lipschitz condition?

Hw(t,x) - w(t,y)H = ” AU:)X + L(f) - (A(t)y + L({:)\”
= [ A= < A4S Ix-y1

K matrix horm/ opPerator norm

T, T)s t HA(QH continuous

< LT'”X‘Y”

Picard-Lindeldof theorem
(sPecial version)

X = W(t,x)

h
—> uhique global solution o : R —> [R for initial value problem (©
Xtt,) = %o

N

or interval
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Ordinary Differential Equations - Part 19

System of linear differential equations: (of first order)

hxn

X = AE)x + b(E)  with Ist—> A)eR

continuous

ir?Teéval /I 5t ——> L(f) € rRh

h
e solutions are 3|oba| o L —> [R

* autonomous systems: A(t) = A ) L(’C) =|3 1
example: A_—_ (_01 10), b = (11)
V(x) = Ax +b

* corresponding homogeneous system

x = Al£) x
Fact: If x: I —> [Rh ) ﬁ: I — [Rh are two solutions of X = A({?) Xy

(x+ PI() = (&) B(E) = ALY (k) + AIB(E)
= AE) ((£) + B(E))

(f/\ ‘X).(t) — A(t) (7\' OL“/)) ~ are solufions

linear combinations of solutions




Proposition:  The solution set of the corresponding homogeneous system

S, = i"" I — K g, | a) = A «(t) 7]

forms an nN-dimensional R—veo‘ror sPace .

Proof: S

is a subspPace ih the R-VeGTOV SPace C1(l_ | [Rh>

What about the dimension of ,.S: l

Picard-Lindeldf theorem
>'( =AE)x (speolal version)
(IV?,t(:) ( )A() 7~ ——> unique solufion o: T —> [R
X(ts) = Xo
®(ts) = X,
XA
/
extended pPhase portrait: _____— /
_/./

teT where X is ’g

uhique solution of (IV?P )t(‘;)

extended orbit at (t,,x,) : i(:@))

W
define a ma¥p: /{5 :S; — R

X > o(t,)

<

linear ma?p!

L—/> surjective (every avel) has a solution)

L—> injective ([(o() - [(p) = o((toﬁ — g({:o)

uhiqueness

= «=p

:> /[5 S; —> Rh isomorPhism

=> dim(S,) = dim(R) = n 0
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Ordinary Differential Equations - Part 20

System of linear differential equations (homogeneous + autonomous)

. hxh
o | x=Ax AelR
(VPR , )
X(O) = X, Xoé‘rR

L> Picard iteration (see part 13)

start with a guess 8/(= fP\ —> R

h->co

) = x + SA&e) ds | > B'(&) —

solution of (IV?QO)

n
Picard iteration:  guess: oL : ﬂ{% R &(é) = X,

t

tststep: O(X)(t) = x, + SAxa ds = (ﬂ + tA) X

0

2 &
2"d step: @ (&)(’c) = X, + SA((:H_ + JcA) XOB ds
= X, +tAx, + LEAY, = (LrtALER)x

hth step: @h(&)({:) — (1|_+{;A +17:{1A1 +1‘—{:3A3+... +%I {:hAh>X°

"R o solution of 1VPL) () =S| o

V\W_J tA

X: eXP(t-A) = e

k
= (t-A)
T X
k=0

matrix exponhential




= 0000 A

T R - sin(4)
— Jcos(t)
0+t =L L1554 L.
. ¢ st~ cos(t)
Y ]
Ssin(t)

0

x(t) — exp(tA) X, = (ooS(t) - sin(t) ) (2) . (cos(t)

sin(t) cos(t) sin(t)

solution of (IVPL) with x, = <C> :

—> all orbits are circles!
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Ordinary Differential Equations - Part 21

System of linear differential equations: X = A(’C) X + L(f) (>K>

hxn

with Ist —> Ale) e R
interval /I 5t —— ly(‘(’.) € "{h

inR

We already khow: ¢ the homogeneous part of (x) (X = A(Q X>

has an n-dimensional solution space ,.S:

+ the initial value problem (IVPE) [ %= Alt)x + b(¢)
has a global solution X(t) = X

%”Xn . T— R x/\ %”XO

X,
> ¢

kﬂ
h .
Solution set: 5 = {E I — [R Z:}Té:::;?:&e ‘ (S solution of ()K)E

S; + % L= { ! + %,X ‘ X € S;} (affine subs?pace)
Show S: *S: + XH :

(2) Take xelS, o AlR) (s +y, () ) + ble)
= A®) (v + AlE) () + b(¢)
—— M

= o+ 0

= [ +b(m)' (9
:> O(+b/+’wxn€ S



>
v e

() Take [zeS and set X := P({:‘,) /
Xs
= i ti IVPpEe
> P is solution of | ?&,o) %/X
Xo
Choose o€ ,_S: as the solution t, >4

of the initial value problem | X :A(t)x
X(to) = %“xo

Then: OL+b/’0a/Xf. GS with (O(_*_b/ta,x,,)({—‘o) = °<({"o) + Xt‘,,xo({-‘o)
= SQ _‘>(o + )(0 - 52;

e . . to
__> O("'th,x,, is solution of (IV?YO)

uhiqueness

—> P: 0(+b/t,,,x,, []

Result: The solution set of X = A(JC) X + L({3> is given by
S = ,S: + X

where ,S; is the solution space of the homogeneous ?part X = A(E) X

and X is a Particular solution of X = A(’C) X + L(f).

(S is an n-dimensional affine subspaca)



4 | IS The Bright Side of Mathematics — hitps://tbsom.de/s/ode

Ordinary Differential Equations - Part 22

hxn hxhn

A€ fP\ > 6 € [R columhs spah solution space of X = AX
~

Remember: x = Ax tA
has unique solution: £+ ¢ X,
X(O) = Xo
tA = nen
Definition: e = Z%A exists for every feTR AG. fR
k=0

- each compohent is a funhction te [ﬂ,la] —> R

« we have uhiform cohvergehce

Properties: (a) derivative of the matrix exponential:
(t+h)A tA
4 JCA = lim = —<
OHT T h=0 ‘V\
k
. = (E+h) 4k T £ g
= lim %(Z T A - S A
h->0 k=0 : k=0
— lim l(iﬁ(&mk— 3 >
hso N k=0 k!
# = A* () -t
uhitorm oonversence + -
24y [im



(b) exponentiation identity:

| A -A
(c) Inverse: £ g,

-A A
e &

c

[

[
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Ordinary Differential Equations - Part 23

Example: System of linear differential equations (homogeheous + autonomous)

>.<1 = — X + 3x, |3

).(L = X4 + XL < > X o < )
tA

General solution: € — ZTA

(columns span solution space)

A 0 2\ 0 e 0
Remark: If D= K ) then B -( ) and E’, =\ 5 et

If A is diagonalizable, then A — X D X1 A1 = X D X1 X]) x_1 ZXD X1
| T
A= XD'X

t A -
:> e = X-Q{:DX1

Back to the example: A 1 }y
U

-1-2 3 1
eigenvalues: 0 = det(A-N1) = de’f( 1 1_/\) =A-t
:> >\1:—2 ) 7\1,: 2

eigenvectors:  Ker (A —7\1-1[) = Ker ( 1




diagonalization: A = X :D X1 with :D: <—z 0)

2
LA ¥ 0\
matrix exponential: 1D 1 ]
_ Lt
1 16 v m3e 3
— T 3 6—'Lt - CU: C_’Lt + SCU:

solution of initial value problem:

X
~~~
o
~
|
-~ N
< o
J
X
V)
+
~—~
1
@
x>
T
= o
N—___—~—
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Ordinary Differential Equations - Part 24

System of linear ODEs  (homogeneous + autonomous)

{-(h x h)- matrix
. tA n
X = Ax ~> solutions ti—>e X, for xeR

\> easy fo calculate if

A has n different eigenvalues:

?\1:?‘1, I oo ?\h

)

Linear ODE of order h (homogeneous + autonomous)

i, -2) .
><(h)+ a,.. x(h 1)+ o, x(h + o+ 0, X+ AgX = 0

)’.1 = X
1 )3

Vn Vo \_/\K___J

A (h % h)-matrix

Transform into system of first order: )/ X
and >/
1)

tA
General solution: &  &~> eigenvalues of A

" h-1 h-1 1
Characteristic polynomial: deT(A—%'ﬂ) — (-1) (7\"‘ $ A N+ Gy N ek 41.'}\ + 405

is called the characteristic polynomial of the ODE

i} -7) .
x(h) + a,. x(h 1)+ a,_, x(h + e+ a\1x + A, X = 0

A
t
Rule of thumb: Use approach X({:) = C?\ /




Result: If the characteristic polynomial has nh different zeros in the real humbers

?\H?‘LI---;?\né (R / Theh:

f f 1
A [
67\1*_ A, c?‘lk. M y ey € " 2 sPah solution space of
%o N B . _ A
" A n y =Y
+ A X
and t > 67\1 , t=> et t— e spah solution space of

)

i} -2) .
x(h) + a,., x(" 1)+ o, x(h + e+ X + agX = 0




