The Bright Side of Mathematics

The following pages cover the whole Start Learning Reals course of
the Bright Side of Mathematics. Please note that the creator lives
from generous supporters and would be very happy about a donation.
See more here: https://thsom.de/support

Have fun learning mathematics!


https://thebrightsideofmathematics.com/support

BECOME A MEMBER

ON STEADY /

)\ Y 4
The Bright Side of l@\
Mathematics

Start Learning Reals — Part 1

g~> Real numbers R

Starting point: @ is the set of fractions ~—> field and Archimedean order <
X>0 , X<O0

| >
Absolute value: For xe () define: |X| — X if X=0
-x if X<0

+]x] +1x]

YVl

\4

How far away is X from O 1 ~> |x|

Problem: There is no xe& ) with )(1 =

R

X, = dif —~> X =l
O;t:—m:l Xy = oo N> X = e #

e = 7 K = e B

X =L ~> X =1

We consider a seguence (Xh)hem (infinite list; formally: a map [N —Q ; h = x,,)

with The property:

Vee@ 3ANEN VYomel : (£>O A nm2=N =>|xy,—xh,|<e)

In short: VE_> 0 AdNeN VY‘,W‘ >N : |xh_x|-|<€ (X)

e .—.—k’—ﬂm-) >
X1 Xl —y—
€

Cauchy sequence: segquence (x“)nem with  %X,€ Q and propertly ()K)
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Absolute value in @ ; |x>/| = ‘xllyl (multiplicative)

|x+>/| < x|+ Iyl (triangle inequality)

Cauchy seguence: (x"‘)helN with V€> 0 ENQN \V/n,m >N : |Xh—Xh|< £

Convergent sequence: (theN with 30\6@ V€> 0 E\NQN \V/h P N : |X‘,,— QA |<€

A is called the limit of (XQ

he N

€ neighbourhood of &

lilllhnul-l\

I | ‘ i 1 (|||IIIIIIIIII/ >
Xy Xy a-c¢ Ky o a+E
Example: (1—) is a convergent sequence with limit &« =0
————B h ne N q q’ - *
Important fact: Cauchy segquence <::"V Convergent sequence
not correct ( but in IR
triangle
-F -F inequality
Proof for &= xh_xv-n| :lxh_a\+°‘_xw| < lx,,—-a\|+|0~—><,,,|
Let (x")thlN be a convergent sequence with limit o .
Let €> 0. Set E\::%>O.
Since (X,DhQN is convergent, There is Ne N such that:
Yn>N: |x,—al|<e
Therefore for all nm> N :
)
Ky — xvm| é lxn_a\| + IO‘_ xlm| <l g = € :> (Xh)hgm Cationy
o~ N seguence
<g <&

Axiomatic solution:

A non—empty set [R together with operations <+ , + and ordering <

is called the real numbers if it satisfies:

(A) (rR/ ul O) is an abelian group

(M) ([’R\iO% , 1) is an abelian group ('fi())
(D) distributive law x-()u- 1) = Xy + X2

(0) £ is a total order, compatible with + and * , Archimedean property

: i >
(C) Every Cauchy sequence is a convergent sequence, |x|:= é; X if X=0
=X if X< 0

.
7
The complete, whole, full number line IR
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N
7

complete number line R

Axioms of the reals: A non—empty set R together with operations 4, . and ordering <

is called the real numbers if it satisfies:

(A) (I/R( + O) is an abelian group

(M) (['R\iO]g , ']) is an abelian group (1#0)

(D) distributive law X-(Y+ T) = Xy + X2

(0) < is a total order, compatible with + and * , Archimedean property

X if X220

(C) Every Cauchy sequence is a convergent sequence, |X| ::i
X if X<0

Important facts: There is a set with all these properties  (Existence) (Construction)

see next video

(Identification/

and it is uniquely determined by these properties,

(Unigueness) Isomor phism)
Show: For all xe R, we have: O+ x = () (X) (by only using the axioms).
Prooft: (A)
ot 020 %)+ (-0-x) = ((0+0)X) +(=0-x)
(D)
(O X + 0O X) + (—O X)
(A) (A)
— (O X +(—O XD O-x + O = O- x
associativity inver se heutra
Show:  For all xe R , we have: (— ’D X = =% (by only using the axioms),
Proof: (A) () (A)
roo “x = 0 + (-x) = 0 x + (%) =((-D+1)x + (-%)
(D)

(A)

(—4)-x+ O = (1) x

neutral

ll"

= (Nex +4ox + ()
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Construction: @ N> [R (Make every Cauchy sequence convergent)
1 N
: °
0 1 -
3 number line

Segquence: 17 ) 13- f is- ) %, 13- ) I) ~-3 Cauchy sequence and convergent with limit -%

Segquence: (03 | 0.33 0.33% , 7/\/\> Cauchy sequence and convergent with \imi’r%

3 33 333
10 100 1600

t e i(x“)hem \ VV\Q‘N  X,€ @ and (x"‘)hem is a Cauchy seq,uenoe}

For Two elements (G\“)nen\] , (L")nem’ define:

(G\“)nem ~ (L“)hem = (o\“— L")nelt\] convergent with limit 0

=> ~v is an eguivalence relation on t (reflexive, symmetric, transitive)

=> equivalence class ll(x".)helN ::i(m")helt\]

=

Definition: [, ﬁ/N = {;(x,,)mml\l \ (Xndery € ﬁ}

(&“)he N ™ (X‘")he N

I;(O\")"G'N}N + l;(L")"e'Ni\,\, = BO\“—‘—L")MN] (well—defined)

Y

|;(O\“)h€lN:lN . [(L,,)mm} = l;(O\,,- L")NN]N (well—defined)

Y

l;(O\“)helNilN < [(Lh)nenq]/\l = 3§5>0 ANeN Yn=N: S<b,-a,

K ~ \
—lor PP o s =
0 4 Oy .
3 number line

Properties: (A) (R( ul O) is an abelian group

(M) (R\EO% , ’]) is an abelian group (1‘«‘0)

(D) distributive law X'()I'I‘ 1) = Xy + X2

(0) £ is a total order, compatible with + and * , Archimedean property

X if X220

(C) Every Cauchy sequence is a convergent sequence., || ::{
X if X<0



