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Start Learning Reals — Part 2

Absolute value in @ ; |x>/| = ‘xllyl (multiplicative)

|x+>/| < x|+ Iyl (triangle inequality)

Cauchy seguence: (x"‘)helN with V€> 0 ENQN \V/n,m >N : |Xh—Xh|< £

Convergent sequence: (theN with 30\6@ V€> 0 E\NQN \V/h P N : |X‘,,— QA |<€

A is called the limit of (XQ

he N

€ neighbourhood of &

lilllhnul-l\

I | ‘ i 1 (|||IIIIIIIIII/ >
Xy Xy a-c¢ Ky o a+E
Example: (1—) is a convergent sequence with limit &« =0
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Important fact: Cauchy segquence <::"V Convergent sequence
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Proof for &= xh_xv-n| :lxh_a\+°‘_xw| < lx,,—-a\|+|0~—><,,,|
Let (x")thlN be a convergent sequence with limit o .
Let €> 0. Set E\::%>O.
Since (X,DhQN is convergent, There is Ne N such that:
Yn>N: |x,—al|<e
Therefore for all nm> N :
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Axiomatic solution:

A non—empty set [R together with operations <+ , + and ordering <

is called the real numbers if it satisfies:

(A) (rR/ ul O) is an abelian group

(M) ([’R\iO% , 1) is an abelian group ('fi())
(D) distributive law x-()u- 1) = Xy + X2

(0) £ is a total order, compatible with + and * , Archimedean property

: i >
(C) Every Cauchy sequence is a convergent sequence, |x|:= é; X if X=0
=X if X< 0
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