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Unbounded Operators - Part 10

T: X2D(T)—> Y densely defined => adjoint exists:

(X,Y Bahach S?aces> _—): Y)QZD(T\) —> ><3

(X,Y Hilbert SPaceS) _—*: Y :—?:D(T*) s x

Definition: Let X = (_}(R,(ﬂ) & square-infegrable functions floc(x)lle‘x c

with respect to the R
one-dimehsional Lebesgue measure

Hilbert space with inner product:

LS9 = fﬁj(@o\x
R

Let LID: R%(D be a continuous function.

Then MLP x QD(M?) —> x dehotes the multiplication operator:

S M‘f’g with (M?§>(x) = L.F(x') £(x)

for x€ R almost everywhere
D(M) = 1§ Se (R, €) | ¢-5 € (R, C)]
‘\ dense in (_I(R,(D)

*
Adjoint of the multiplication operator: MKP g x QD( M‘P*) —> X

N ] y . .
bex | e s FeX i g M 5> = 5> forat feDMG  with ML{, 9=§

Is it a multiplication operator as well?

o Mo 5> :gj(X)Lf(xbc(XMX Z_éLf—(X)j(X) 0 =g, £

for all f,9.€ D(M,)=D(Ms)

First result: M- < M

Y !
To show: je :D( ML‘,*) :> ?j € }—}(R/G:)

1 1
Proof: Note: je L} )«\ bounded :> Luﬁé.l_

Make \_f) bounded? Take "Wh R— C A

i 1
k—> /\rh? is bounded I' : S

(f\yh?)(x) LidalN ?(x) for xeR h

ror §€ D(M,), 3¢ DM, -

Mg 5D = Tk Myt F(x
Nk gwd

= < ML{,*S , ’YhJC> = <9' Mtf(/\r'“ JC)>

= ) 9(¢) W{x) ¥l £()dx
ks

\éLF(K)/\Yh(X)S(X) j:(x)o\x = </Y“?j ,JC>

D(ML{,) dense ’th 1
* 1

—> My = g = Mig=7yg el

Final result: M‘f’ — Mq




