W 7, The Bright Side of Mathematics - https://tbsom.de/s/ra

Problem 3 FEzistence of solutions (4 points)

A function p : R — R of the form p(z) = >} _, apz® with a € R is called a real
polynomial of degree n if a,, # 0. Prove the following:

a) If n is odd, then there is at least one xyp € R with p(zg) = 0.

Remark: Such an xq s called a zero of the polynomial.
b) If n is even and additionally a,, - ag < 0 holds, then there is at least one zero of p.

c) If n is even and additionally p(¢) - a,, < 0 for a ( € R holds, then p has at least two
ZEros.

Now consider the real exponential function x + e*, which is strictly monotonically
Increasing.

d) Show that the equation x = e~ has exactly one real solution.

Solutions

(“7 Jince s s A ,mLm, e Z’w‘ls
Q}‘w Y(?Q = 53w(0h3° & and

X700

LM Y(ﬂ: - 5\9"(“»)' G

X2 =60

HCMCL L§ e \‘CSJﬁcJ’ 'U-u: 070\ymw‘J 15 o (orc
ehouo\a b~ NEIN,
P CNN) —>R - sud dht p(N) ed p(-n)
have  diffod  signs,

\,r(. Cahn awl)/ "I‘L/. Cp."}cr'mcd;a:‘c "]'L\COM.



() Wk s of  gevanddy: 4,50, o<
=D G(o): A, < Q

\Je, Lw,-f, L.h, f(x) = ON, te %R Wi f(’f)>0

X=>¥oo

Now we can ahn apply the udecmedade Hreon.
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